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Abstract 

We present a new proof of Thue-Siegel-Roth's Theorem (and its more recent variants, such as those 
of Lang-Wirsing for number fields and that "with moving targets" of Vojta) as an application of Ge- 
ometric Invariant Theory (GIT). Roths Theorem is deduced from a general formula comparing the 
height of a semi-stable point and the height of its projection on the GIT quotient. In this setting, the 
role of the zero estimates appearing in the classical proof is played by the geometric semi-stability 
of the point to which we apply the formula. 
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Introduction 



In its original form, Roth's Theorem states that given a real algebraic number 6 e R which is not rational 
and a real number k > 2, there exist only finitely many rational numbers p/qeQ such that 

1 

w 

where p, q are coprime integers. 

The general strategy to prove Roth's Theorem stems back to the work of Thue. The main ingredient 
is the construction of an "auxiliary" polynomial in several variables / which vanishes at high order at 
(0, ... ,8): the crucial step is to prove that it does not vanish too much at some rational points which 
"approximate" (0, . . . , 9) . 

The original argument of Roth (generalizing those of Thue, Siegel and Gel'fond) involves arith- 
metic considerations about the height of the rational approximations. On the other hand, in the work 
of Dyson — who proved an earlier version of Roth's Theorem — the non-vanishing result (usually 
called "Dyson's Lemma") takes place over the complex numbers: being free from arithmetic con- 
straints, it is said to be of geometric nature. The task to generalize Dyson's Lemma from 2 to sev- 
eral variables was accomplished by Esnault-Viewheg [EV84]; afterwards Nakamaye [Nak99] was able 
to give a proof of it relying on a variant of Fairings' Product Theorem and "elementary" concepts of 
intersection theory. 

The advantage of having a geometric proof of Dyson's Lemma was exploited by Bombieri in the 
remarkable paper [Bom82] : he showed that these methods lead to new effective results in diophantine 
approximation available before only through the linear forms of logarithms of Baker. 

Using an arithmetic variant of the Product Theorem, Faltings and Wiistholz [FW94] gave a new 
proof of Schmidt's Subspace Theorem, sensibly different from the original one. Let us remark that their 
Zero Lemma, as in Roth and Schmidt, is of arithmetic nature. Their proof involves a notion of semi- 
stability for filtered vector spaces (see also [Fal95]). The role played by semi-stability is anyway rather 
different from the one in the present paper: here it will collect all the geometric informations coming 
from Dyson's Lemma (hence from the Product Theorem); in their paper it represents a combinatorial 
assumption that permits to perform an inductive step based on the Product Theorem. 

The connections between Geometric Invariant Theory and Arakelov Geometry have been stud- 
ied by several authors in the last twenty years (Burnol [Bur92], Bost [Bos94], Zhang [Zha94], Gasbarri 
[GasOO] and Chen [Che09]). 

The application of these techniques to diophantine approximation was largely inspired by [Bos94] , 
where Bost proves a lower bound for the height of cycles with semi-stable Chow point. Generalizing 
these arguments Gasbarri gave in [GasOO] a general a lower bound for the height of semi-stable points 
for a large class of representations. An explicit version of the latter has been then proved by Chen 
[Che09] by means of Classical Invariant Theory. 

* 

This paper is organized as follows. 

In Section 1 we review some material concerning Roth's Theorem and we state the main result 
of this paper (the Main Theorem, see Theorem 1.4). More precisely, we show that Roth's Theorem 
with moving targets is a consequence of an effective statement (the Main Effective Lower Bound, see 
Theorem 1.3 and 1.5) and how this last result is obtained from the Main Theorem for a suitable choice 
of parameters. 
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In Section 2 we introduce the main tool of Geometric Invariant Theory (the Fundamental Formula, 
see Theorem 2.2) that we will apply to a specific "moduli problem" in order to get the Main Theorem: 
it is a formula relating the height of a semi-stable point with the height of its projection on the GIT 
quotient. In this general framework we will also state and prove a lower bound of the height on the 
quotient (see Theorem 2.4). 

In Section 3 we introduce the situation of Geometric Invariant Theory that we are interested in. 
Admitting the semi-stability of the point that we introduce and some intermediate computations, we 
show that the Fundamental Formula translates into the Main Theorem. 

These intermediate computations (upper bounds of the height and the instability measure of the 
point) will be developed in detail in Sections 4 and 5. 

Finally, in Section 6, we show the semi-stability of the point, which is the crucial result in order to 
apply the Fundamental Formula. Our proof is based on the Higher Dimensional Dyson's Lemma by 
Esnault-Viewheg-Nakamaye (Theorem 3.2). We will give an alternative proof in dimension 2 based on 
the classical constructions of wronskians. 



Acknowledgements. — The results presented here are part of my doctoral thesis [Macl2] supervised 
by J.-B. Bost. It is a pleasure for me to thank him for his guidance and his steady encouragement. Dur- 
ing the preparation of the present article I have been stimulated by discussions with several people: 
I warmly thank A. Chambert-Loir, C. Gasbarri and M. Nakamaye. This paper also benefited from the 
sharp advices of J. Fresan. 

Conventions 

We list here some convention and definitions that will be used throughout the paper. 

0.0.1. — Since we will be interested on the action of SL 2 on the projective line P 1 , we cannot confuse 
the projective line and the dual one. If A is a ring and n is a positive integer we denote by A" v the dual 
of the A-module A", 

A" v :=Hom A (A",A). 

With this notation the projective line over the ring A will be the A-scheme P^ = Proj(SymA 2v ). 

0.0.2. — Let E be a finite dimensional complex vector space equipped with a hermitian norm II - He 
and associated hermitian form <-, -) E . Let r be a non-negative integer. 

• On the r-th tensor power E® r we consider the hermitian norm || • || E ® r associated to the hermitian 
form 

n 

{V\ - ® V r , W\ «>••• ® W r )^<sr = Y[( v i> Wi)E, 

(=1 

where v\ , . . . , v r and W\, . . . , w r are elements of E. 

• On the r-th symmetric power Sym r E we consider the quotient norm || • Hsym r E with respect to 
the canonical surjection E® r — ► Sym r E. If e\,...,e n denotes an orthonormal basis of E, where 
n - dimcE, for any rc-tuple of non-negative integers (ri,...,r„) such that r\ + — h r n = r we 
have: 

-1/2 



ll^l 1 ••• e n"IISym r E : 



-1/2 

r 



n,...,r„ 



ri\---r„\ 
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This norm is hermitian and it is sub-multiplicative in the following sense: if / e Sym r E and 
g e Sym s E we have 

ll/gllsym r+s E £ ll/IISym r Ellgllsym s E- 

Let us also mention that the norm || • Hsym r E is bigger than the sup-norm on the unit ball: for 
/ e Sym r E we have 

||/|lsu P := SUp — — < ll/llsym r E- 
0#xeE v ll*ll E v 

• On the r-th external power A r E we consider the hermitian norm || • || A r E associated to the her- 
mitian form 

{Vi A • •• A v r , W\ A • • • A w r )/\ r E = det((f;, w/} E : i, 7 = 1, . . . , r) 

where v\,...,v r and wi,...,w r are elements of E. With this notation Hadamard's inequality 
reads : 

r 

|| Vl A---A V r \\ A r E < Y\ \\vi\\ E . 

i=l 

The hermitian norm II • ||/\r E is not the quotient norm with respect to the canonical surjection 
E »r _ yyr E> j t j s ^fp_ times the quotient norm. 

0.0.3. — Let K be a field complete with respect to a non-archimedean absolute value and let o be its 
ring of integers. In order to do some computations it will be easier to interpret o -modules as K-vector 
spaces endowed with a non-archimedean norm. More precisely, for any torsion free o -module 8 let 
us denote by E := 8 ® K its generic fiber and consider the following norm: for any veEwe set 

||i/|| g :=inf{|A.| : A e K x , WA e <?}. 

The norm || • \\g is non-archimedean and its construction is compatible with operations on o-modules: 
for instance, if cp : 8 —■ & is an injective (resp. surjective) homomorphism between torsion free o- 
modules then the norm || • ||^ induced on E := <? ® K (resp. the norm || • || jr induced on F :- 3P ® K) 
is the restriction of the norm || • || on F (resp. is the quotient norm deduced from || • \g and cp, that is, 
the norm defined by 

w~ inf \\v\\g 

for any element w of F.) 

It follows that, for a non-negative integer r > 0, the norm on symmetric powers Sym r S (resp. on 
exterior powers /\ r S) is the norm deduced by the one on the r-th tensor power @® r through the 
canonical surjection £® r — • Sym r ^ (resp. <g® r —■ f\ r S). In particular, it is sub-multiplicative (resp. 
Hadamard inequality holds). 

0.0.4. — If K is a number field, we will denote by Or its ring of integers and by V K the set of its places. If 
v is a place we will denote by K v the completion of K with respect to v and by C v the completion of an 
algebraic closure of K„. If v is an non-archimedean place extending a p-adic one, we will normalize it 
by 

\p\v = P~ lKv:Qp] - 

0.0.5. — Let K be a number field, Or its ring of integers and Vk its set of places. An hermitian vector 
bundle <? is the data of a flat OR-module of finite type if and, for any complex embedding a : K — «■ C, a 
hermitian norm ||-|l<f,a on the complex vector space <f a := £® a C. These hermitian norms are supposed 
to be compatible to complex conjugation. For any place v e V K , we denote by || -\\g iV the norm induced 
on the Ky-vector space S v := 8 ® 0K K„. 
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If 5£ is a hermitian line bundle, that is a hermitian vector bundle of rank 1, we define its degree by 
dei(^):=log#(J27sJ^)- £ log||s||^, CT = - £ log||s||^ 

(j:K— C weV k 

where 5 £ 5£ is non-zero. It appears clearly from the second the expression that this, according to the 
Product Formula, does not depend on the chosen section s. If S is a hermitian vector bundle we define 



its degree: 
its slope: 



deg<?:=deg(A rk<? <£); 



rk<g> ' 
• its maximal slope: 

Pmax(<^ : = SU P P(^)> 

where the supremum is taken on all non-zero sub-modules & of S endowed with the restriction 
of the hermitian metric on S. 

With this notations the slope inequality says that for any hermitian vector bundles and any in- 
jective homomorphism of K-vector spaces cp : S <8> 0K K — & ® 0K K, we have 

\X{S)<\X m J¥)+ X log II cp || sup,,; 
veV k 

where for any place v £ Vr we set 

„ „ lltpOOIIjr,* 
IMIsup,^:= sup — — . 

0^S£<g„ \\S\\g,v 

1 Statement of the results 

1 . 1 Roth's Theorem with moving targets and the Main Effective Lower Bound 

1.1.1. Height and distance on the projective line. — In order to state the results in their most precise 
way it is convenient to make the following definitions. 

For a point x = (x : xi) of the projective line P Q defined on a number field K we consider its 
absolute (logarithmic) height 

= rr nl Z logll(x ,xi)|| y 
IK : Q] veVk 

where Vr denotes the set of places of K and for any place v we write 

maxJIxoL.lxil,,} if v is non-archimedean 
y/|x |^ + \x\\ 2 v if v is archimedean. 



|(x ,xi)|| y := - 



IfK is a number field and v £ Vr is a place of K, we consider the y-adic distance on P 1 . If x = (xo : x\) 
and y = (y : yi) are C„-points of the projective line P 1 we set 

, , , Uoyi - xiyolv 

d v {x,y) 



l(*b.xi)IUI (y ,yi)L 
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Moreover if x is a K-point of P 1 and is a point of P 1 defined on a finite extension K' of K we set 

d„(x,0):= min d v (x,a{B)). 

a:K'-C„ 

1.1.2. Roth's Theorem with moving targets. — In this paper we are interested in the following form 
of Roth's Theorem with moving targets (compare to [Voj96, Theorem 1]): 

Theorem 1.1. Let Kbea number field, ScV K a finite subset and K f be a finite extension ofK of degree 
> 2. For any real n umber k > 2 there is no sequence { {x\ , ; ) } j £ n satisfying the following properties : 

• for all i e N, xt is a K-rational point ofP 1 ; 

• for all i e N, 0,- is a K' -rational point ofP 1 that is not K-rational; 

• we have h{Q{) = o{h{Xi)) as i goes to infinity; 

• for all i e N the following inequality is satisfied: 

- £ \ogd v (Qi,Xi) > KhUO- 

veS 

Taking the points 0; to be all equal we find the following version of Roths Theorem due to Lang 
[BG06, Theorem 6.2.3]: 

Corollary 1.2. Let Kbea number field, be an algebraic point o/P 1 of degree > 2 and ScVk a finite 
subset. Then for any real number k > 2, there exists only finitely many K-rational points x o/P 1 such 
that 

- £ logd„(0,x) > Kh{x). 

v<=S 

The original versions of Vojta and Lang of these results permit to take different algebraic points at 
any place v e S. An easy modification of our arguments would let us to find the same result, but we 
will not do it here for the sake of simplicity. 

These results are not effective: one does not know an upper bound (only depending on the 0; 's) for 
the height of the rational points xi 's well- approximating the algebraic points 0; 's. Indeed, the proof of 
Roths Theorem (and its variants) follows a classical scheme that goes back to the work of Thue: its last 
step consists of an elementary absurd argument which is the principal cause of loss of effectiveness. 

1.1.3. Main Effective Lower Bound. — Nevertheless there is an intermediate step in the proof of 
Roths Theorem which is effective and implies Roths Theorem through an elementary absurd argu- 
ment that we will repeat in the next paragraph. 

It is a lower bound of the height of K-rational points x\,...,x n in terms of their v-adic distances 
from algebraic points 0i , . . . , 0„ . Although this type of lower bounds plays a crucial role in the seminal 
work of Bombieri [Bom82] , it is rarely stated as a stand-alone theorem. 

We will call this lower bound "Main Effective Lower Bound" and the aim of this paper is to prove 
it by means of Geometric Invariant Theory The statement of this result involves some auxiliary real 
numbers of geometric nature r\,...,r n : in the proof they will be interpreted as the multi-degree of an 
invertible sheaf on (P 1 )". 

Theorem 1.3 (Main Effective Lower Bound). LetK be a number field and K' be a finite extension ofK 
of degree d>2. 

Then, there exists positive real numbers C\ , C2 , C3 > and, for any integer n>2 and any real number 
< 8 < 1/(2- n\), there exists a positive real number R^in, 8) > 1 such that 
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• for allK' -rational points B\, ... ,B n ofP 1 generating the fields! , 

• for allK-rational points x\, x n o/P 1 

• for any n-tuple of positive real numbers r - {r\,...,r n ) such that rilr i+ \ >R d [n,8) foranyi, 
the following inequality is satisfied : 

1 A 

min \-riYo%A v [^i,x{)\\ <[1 + Ci V6"j 2^ r,Mx,) + 
wfoere t d [n,8) :]0, 1/(2- n!)[— ]0, n] is a continuous function such that 



t d {n,8)\ Y min j-r,- logd^.x,)} < fl + Ci v^) £ r^x,) + - £ r,- (CzfcO;) + C 3 ), 



limsup— = 2. (1.1.1) 

oo 

The reason why we call this result "effective" is because the real numbers Ci , C2, C3 can be explicitly 
computed. As we will see in a while, the equality (1.1.1) is where the number 2 in Roths Theorem 
comes from. 

1.1.4. Deducing Roth's Theorem from the Main Effective Lower Bound. — Let us show how the Main 
Effective Lower Bound (Theorem 1.3) implies Roth's Theorem with moving targets (Theorem 1.1). Let 
K' be a finite extension of K of degree d>2,ScV K a finite subset of places and k > 2 a real number. 

By absurd, suppose that there exists a sequence {(JCj.SjOheN verifying the conditions in the state- 
ment of Theorem 1.1. Replacing K' by a sub-extension (different from K), we may suppose that the 
points 0; generate K' over K. 

By a pigeonhole argument (see for example [BG06, 6.4.2]), extracting a subsequence, we may sup- 
pose that for every real number e > and every place v e S, there exists a positive real number A(e, v) 
such that, for any i e N, we have 



-logdvOj.x,) > A(e, v) 

and 



£ logd v (8,-,X() 



£>(£, V)>l-£. 

Take an integer n > 2, a positive real number 8 and w-tuple of positive real numbers r = (ri, . . ., r n ) sat- 
isfying the conditions in the statement of Theorem 1.3. Applying it to the K'-rational points 61,..., 0„ 
and the K-rational points Xi, x„ we obtain: 

{l + C 1 VE)Y j r i h(x i ) + lY j r i (C 2 h(Q i ) + C3)>t d {n,8)\ Y min \- ri logd v (Q,Xi)\ 
{ >i=\ 8 i=i Wv K '' =1 " [ J 

> t d {n,8)(\-t) min \ -r, • Y logd„(6,,Xi) . 

i=l,...,n [ „ £S j 

By hypothesis for all i = l,...,n we have -Xv£sl°gdy(9/,Xj) > Kh(xt), so we get 

Kt d (n, 8) (1 - e) min {r, ■ h{ Xi )} < (l + Ci VE) £ n h( Xi ) + \ £ r t (C 2 h(Qi) + C 3 ). 
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The key point is that, since we have infinitely many Xj , extracting a subsequence we may suppose that 
the ratios of the heights h{Xi + \)lh{x{) are sufficiently big (namely bigger that R d [n,5)) so that we can 
take r such that 

rih(Xi) = rjh{Xj), 

for any i,j = l,...,n. Dividing by r\ h{x\) - minlr, h{Xi)} the preceding inequality, we get : 

1 W9() 71 + ••• + /•„ C 3 



Kf d (n,8)(l-e)<(l + Ci y^)n+-pC 2 



8 pi h{xi) n h{x\) 

According to the hypothesis h{Qi) = o(h{xi)) for i -* oo, extracting a subsequence we may suppose 
that fa(8,) < 8 \/8h(Xi). Moreover the ratios n/r I+1 and the height h{x\) can be supposed arbitrarily 
big. We get then 

Kfc(n,6)(l - e) < (l + (Ci + C 2 ) n 
and letting 8 and e go to and n go to infinity, according to (1.1.1) we find 

n 

k < limsup — = 2 

6_o t[n,6) 

n^oo 

which contradicts the hypothesis k > 2. □ 
1 .2 Statement of the Main Theorem 

1.2.1. Some combinatorial data. — It is convenient to fix some notation about the combinatorics 
that will appear in the study. Let n > 1 be a positive integer. For any n-tuple of positive real numbers 
r = (ri,..., r n ) and any non-negative real number f>0we consider the following subsets of R": 

□„, r :={«;=Ki....,W£R":0<£; I <r ( forevery7 = l,...,«} = n[0,r i ] 

i=l 

V„, r (fl:=jt=Ki t„)eD„, r : — H — -I- — >t\ 

( n r n J 

A B , f .(fl:={j;=Ki,...,C„)en l ,, r :^ + -+^<4 = nn,r-V B , r (0. 
I n r„ J 

We wil often ease notation in the following two ways: 

• when we write r we will omit n; 

• we will just write n omitting r if r — (1, . . . , 1) . 

We will add Z in subscript to denote the intersection of these subsets with Z" (we will write V r (t)z and 
Mflz). 

Let us introduce some further quantities that will appear in the statement. For any positive integer 
n > 1 and any rc-tuple of positive real numbers r = (7*1, . . . , r n ) we will write 



B (r):= nf 1+ max I — lw-l)]-l, 
f = \ { i+l<j<n [ n J J 



omitting the dependence on ti. For any non-negative real number t, let us denote by u r ( r) the unique 
real number in [0, n] such that 

volA„(« r (f)) = min{max{l + e„(r) - dvolA n {t),0} ,1} . 
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1.2.2. Main Theorem. — Keeping the notation just introduced, the main result of the present paper 
is the following: 

Theorem 1.4 (Main Theorem). Let K' be a finite extension ofK of degree d>2. Then we have: 

• for allK' -rational points Qi,. ..,Q n ofP 1 such thatK{&i) - K' for any i - l,...,n; 

• for allK-rational points X\, x n o/P 1 ; 

• for any n-tuple of positive real numbers r- {r\,...,r n ); 

• for any non-negative real numbers £9, t x satisfying the condition 



volV„(rj-2/ d dX < volV„(Mr e ))-2 \ (i d\ 

JVn(tx) JVn{Ur(t B )) 

the following inequality holds: 



e„(r); (1.2.1) 



fe-(l-<ivolA„(fe)) V min {-/■,■ logd^e,-,*,-)} 

\ v£VK i=l,...,n j 

If volA„( Mr (f e ))+volV„(r x )\ » 
+ CidA H H -^logd„{9 I -,x I ) 

wv n (tj 2 ; i=1 „ £Vk 

< f f Ci dx) £ nHxi) + djr nHQi) + \r\C{t e , t x ), 

C(fe,^):=5(volA„( Mr (f e )) + volV n (^))+logv / 2rf. 

1 .3 From the Main Theorem to the Main Effective Lower Bound 

1.3.1. — We consider for any real number 8 e [0, 1] and positive integer d > 1, the unique real number 
t d [n, 8) e [0, n] such that 

l-dvolA„(fd(n,8)) = 8. 

This is the crucial concept that governs the combinatorics in Roth's Theorem. The function defined in 
this way tn{n, -) : [0, 1] — [0, n] is continuous and as we already claimed in (1.1.1) we have: 

n , n 
limsup — = limsup = 2. 

8_o t(n,8) n-00 t d (n,0) 
n— »oo 

This equality goes back to the work of Roth and it is based on an explicit version of a phenomenon of 
concentration of measure (see [M1I88]). Indeed, one usually proves that for any < e < 1/2 we have 
(see [BG06, Lemma 6.3.5] for a proof): 

volA„ ||i -ej nj < exp(-6«e 2 ). 

Taking e := 1 12 - t d {n) I n one finally deduces 



n nloed 

which in particular describes the limit behaviour of the function nl t d {n, 0) as n goes to infinity. 
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Theorem 1.5 (Main Effective Lower Bound). Let K' be a finite extension ofK of degree d>2. Then, 

• for any integer n>2 and any positive real number 8 < 1 / (2 • nl) ; 

• for allK' -rational points Bi, ... ,Q n o/P 1 such thatK{Qi) = K' for any i = l,...,n; 

• for all K-rational points X\,...,x n ofV 1 ; 

• for any n-tuple of positive real numbers r - {r\,...,r n ) such thate„{r) < 8\/E, 
the following inequality holds: 

\ t ^ n i i \ n 

i) 



t d {n,8)\ £ min {-^logd^e,-,*,)} < fl + (4+ d) VE) £ nh{x t ) + d[ \ + v^) £ r t h& 
\ ueVk i—i,...,n } v ;. =1 ^6 



+ ini^ + 5 



1(2+^) 



1.3.2. — Before passing to the proof, let us remark that this is a refined version of Theorem 1.3. Indeed 
one may roughly bound 8 x/6 by 1/8 and take the constants Ci, C2, C3 appearing in the statement of 
Theorem 1.3 as: 

Ci =4 + d 

C2 = —d 
8 



C 3 = logv / 2d + 5|2+ij. 



It is probably more interesting to remark that the leading terms on the right-hand side (where 8 ap- 
pears in the denominator) are those that will come from the upper bound of the height of the point 
[K r (0, fe)l (which classically corresponds to the bound for the coefficients of the auxiliary polynomial 
— see Section 4.2). To get rid of 8 in the denominator (and hence have a sensible improvement of 
the Main Effective Lower Bound) one would have to find an upper bound of the height of the point 
[K r (8, ?e)] which is linear in the dimension of K r (6, t§) (rather than its codimension in r(P,(5p(r))). 

Let us also point out that in the statement of the Theorem 1.3 the ratios of the real numbers r, / r 1+ i 
are supposed all to be bigger than a real number Rd(n, 8) depending on n, 8 and d. It suffices to take 
Rd(w,8) > 1 such that 

1+ i±f_ 1<8 ^. 



Rrf(n,8) 

1.3.3. — The Main Effective Lower Bound that we stated here is deduced from Theorem 1.4 making 
the following choices for t$ and t x : 

• r e = t{n,S); 

* Consider the unique real number w[n, 8) e [n - 1, n] such that 

volV„(u/(n,8))-2 / Ci dX = volV„(w(rc,S)) -2 / d dX 

JVniwinM Jv n i.ut.nM 

where we wrote u{n, 8) instead of u{t{n, 8)). We will take 

t x £]w{n,8),n] 

and then letting it tend to w{n,8). 



-e„(r), 
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To verify that these choices make sense one has to check that condition (1.2.1) in Theorem 3.4 holds 
for t x > w(n, 8). To begin with let us remark that by definition of t(n, 8) and u[n, 8) we have 

volA„(u(n,S)) = l + dvolA„U(H,8)) + E„(r) = 8 + e n (r). 

Hence, since we supposed 8 < l/(n+ 1)! and e„(r) < 8 x/S we have u(n,8) < 1. This entails 

w(n,8)= Vn!(6 + e„(r)). 

Now to show that the condition (1.2.1) is satisfied it suffices to show w{n,8) < n, or equivalently 1 

volA„(w(n,S))-2 I d dX-e n (r) > 0. 

</A„(«(n,5)) 

Since everything here is explicit 2 and since this easy computation is not particularly illuminating, we 
leave this to the reader. 

1.3.4. — Now applying Theorem 1.4 with t$ = t(n,8) and t x > w{n,8) as announced before and then 
letting t x tend to w(n, 8) we find: 



t{n,8)-{l- dvo\k n (t{n,8))) 



£ min {-rjlogd^e,,*,)} 



VveV K 



i=l n 



If volA„(u(n,S))+volV„(u/(n,S)n » „ 
I CidA HT £ -r/logdyOi.x,) 

WV„(iii(b,6)) ^ >i=1veV k 



i/eV K 

£ rj/ita) + d ^ nHQt) + |r|C(n,8), 
i=i (=i 



where we set 

C(«,8) :=5(volA n (u(«,8))+volV„(w(«,8)))+logv / 2d. 

1.3.5. — By definition of f(«,8) we have l-rfvolA„(f(n,8)) = 8. Going back to the definition of u{n, 8) 
and w(w, 8) and performing some elementary estimates we find: 

• C(«,8) < 58(2+ v / 8)+ log V2d 

f volA„(M(n,S))+volV„(n/(n,S)) f e d (r) B/ - 

• / i,i dX = / C,i dX+ <8v8. 

Jv n {w{nM 2 JA„(u r (n,6)) 2 

• f d dA< fl + 4v / 6]8. 

Jv„(w r (n,6}} v ; 

So we are left with 
/ 

t{n,8)8 



£ min {-r i \o%d v {Qi,x i )}\ + 8v r 8Y. E -nlogd„(e,-,x,) 

Vi;eV K ,_1 '-'" / /=1veV k 

, . n n 

<8[l + 4v / 8j ^r I ^(Xi) + d^r/^(0/) + |r|[58(2+ v / 8)+logv / 2rfj. 



i=i i=i 



1 Infact for any real number < u < 1 we have 

volV„M-2 (irfA = 2 Ci d\-volA„(u) =2 < 0. 

Jv n (u) J&nlu) (n + 1)! n\ 

2 Indeed, since u{n, 8) < 1 we have 

f 



, ,. u(n,S) n+ 

Li dA = 

»,8)) (» + D! 
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1.3.6. — This inequality is sufficient to imply the Roth-Vojta's Theorem, but to get a nicer formulation 
we want to get rid of the term Z" =1 Z v ev k -rjlog<M9j,x,0. To do this, we will bound it by means of 
Liouville's inequality (as proved, for example, in [BG06, Theorem 2.8.21]): for any K'-point to of P 1 
generating K' and any K-point y of P 1 we have 



and we obtain the statement of the Main Effective Lower Bound dividing by 8. 

2 Geometric Invariant Theory and Arakelov Geometry 

2.1 The Fundamental Formula 

Let K be a number field and Ok its ring of integers. 

2.1.1. — Let 9C be a projective and flat OR-scheme endowed with the action of an OR-reductive group 3 
and let if be a ^-linearised ample invertible sheaf on SC. To complete the "arakelovian" data we 

suppose that for any embedding a : K — C we are given a continuous metric || • ||^ jCT on ££ satisfying 
these properties : 

• II • II if, a is semi-positive : for any analytic open set U c 3£ a (Q and any section 5 e r(U,if) the 
function - log || s\\& j0 is plurisubharmonic; 

• II • II if, a is invariant under the action of a maximal compact subgroup of ^ CT (C). 

Clearly we suppose that the data is compatible under complex conjugation. We denote by 5£ the 
resulting hermitian line bundle on SC '. 

2.1.2. — Let us consider the OR-graded algebra of finite type 



3 Let S be a scheme. A S-group scheme G is said to be reductive (or G is a S-reductive group) if it satisfies the following 
conditions: 

1. G is affine, smooth and of finite type over S; 

2. for all s e S, the s-group scheme Gj := G x s s is a connected reductive algebraic group (where s is the spectrum of an 
algebraic closure of the residue field k(s)). 



- logdi;(oi),y) < dh(y) + dh{u>). 

V£V K 



The preceding inequality becomes 




By a theorem of Seshadri [Ses77, II.4, Theorem 4], we know that the graded algebra 
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of ^-invariants of sd is a OR-algebra of finite type. Moreover, the projective scheme <Sf := Proj.e/'* is 
the categorical quotient of the open subset of semi-stable points 4 3£ ss of 9C (with respect to the action 
of reductive group ^ and the invertible sheaf f£ ) . Let us denote jt : 3£ ss — ► <3/ the quotient morphism. 

Since <3f is of finite type, for any sufficiently divisible integer D > 1, there exists an ample invertible 
sheaf Jiu on <Sf and an isomorphism of invertible sheaves 

ip D : 7T*^ D — ► ^?|5Pss. 

2.1.3. — For any embedding a : K — C let us endow the invertible sheaf with a metric || • \\jt D>a 
defined as follows. Take y e 3k (C) and t e y* Mq, then define 

II f II^D.trCy) := sup ||<pd(7i*£)||_2>®d (J (x). 

n{x)=y 

It is easy to see that this defines a metric on Jtn but it is not clear a priori that this metric is continuous. 



Theorem 2.1. Under the assumptions on the metric \\ ■ \\ % a made above (semi-positivity and invariance 
under the action of maximal compact subgroup), the metric \\ ■ \m ,v is continuous. 

When the metric || • \\<£ >a is the restriction of the Fubini-Study metric on a projective space, this fol- 
lows directly from the arguments of Kempf-Ness [KN79] (see also Kirwan [GIT, Chapter 8, §2] , Burnol 
[Bur92], Schwarz [SchOO, Chapter 5] and Azad-Loeb [AL93]). The general statement can be proved re- 
placing the convexity properties of the "special functions" of Kempf and Ness by elementary convexity 
properties of (pluri)subharmonic functions (namely the fact that a real function u : R — «■ R is convex if 
and only if uolog|z| : C x — «■ R is subharmonic — see [Macl2, Theoreme II. 2. 18] for details). 

In order to prove the Main Effective Lower Bound we will consider a metric that is a restriction of 
a Fubiny-Study metric (see 3.1.6 below), so we will not prove this statement. 

2.1.4. — We denote by Jl^ the associated hermitian invertible sheaf on <& . Since the underlying 
invertible sheaf Jfo is ample and the metrics are continuous, the height of the K-points of <3f are 
uniformly bounded below by a real number (where K is an algebraic closure of K). Let us denote it by 



h m J{SC,5£)IM):=^- inf k-? (y) 



(which is clearly independent of D). 

2.1.5. Instability measure. — Let v be a place of K. If v is non-archimedean we denote by || • || se,v the 
continuous and bounded metric induced by the integral model ££ s . For a C^-point P of 9C we define 
the instability measure i v {P) as follows : 

m , llg-sll^tg-P) 
i„(P) = -log sup — — — — 

ge»(C„) \\s\\&,v(P) 



4 Namely, the open set where the rational map n : 3C = Proji/ --->#" = Via\si'^ , given by the inclusion sl'^ c al, is defined. 
Equivalently, a point x e X is semi-stable if and only if there exists, for a sufficiently big d > 1, a ^-invariant global section 
s e r(ar, Z£® d ) that does not vanish at x. 

5 Let x be a C v -point of SC. Since SC is proper, the Cy-point x gives rise to a o v -point £ x oiSC, where o v is the ring of integers 
of C v . The invertible sheaf ej^f is a free o u -module of rank 1 : choose a basis s. Then any other element t e x* !£ can be written 
in a unique way as t = As with AeC„ and we set 

U\\je, v = \X\v 

Clearly this does not depend on the choses basis s of e * X H£ . 
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where s £ V* 5£ is a non-zero section. Clearly this does not depend on the chosen section 5. The 
instability measure i v takes negative values and takes the value -oo precisely when the point P is not 
semi-stable. 

If v is non-archimedean let us consider the continuous and bounded metric || • ^jcd.v induced by 
the integral model Mq. Following an argument of Burnol [Bur92, p. 122] — see also [Macl2, Corollaire 
II.2.21] — one can show similarly to the archimedean case that for any Q £ ^¥{Gy) and t &. Q*^^d we 
have 

imu D ,„(Q)= sup \\n*t\\^ Dv {¥). 

ji(P)=Q 

However, even without the previous consideration, for any archimedean and non-archimedean 
place v and any P e S£{C V ), the ^-invariance of ti gives: 

_i IUIU„(,(P)) g 

D & ||7t^||^D „(P) 

2.1.6. Fundamental formula. — Summing up these considerations we obtain : 

Theorem 2.2 (Fundamental Formula). Let P e 3£{K) be a semi-stable point. Then for almost places 
i»eVk the instability measure i „ (P) is zero and we have the inequality : 



As mentioned before one can prove that this is actually an equality (that is why we name this The- 
orem as "Fundamental Formula" — see [Macl2, Scholie III. 2. 2]) but we will not need this. In practice 
we will use Theorem 2.2 through this Corollary : 

Corollary 2.3. For any semi-stable point P e 3C S& (K) we have 

fc^(P) + 7^— £ i„(P) > fcmin \{X,!e)ll<s\ • 



weV k 



2.2 Lower bound of the height on the quotient 

2.2.1. Statement of the lower bound. — We will need a simple lower bound for the height on the 
quotient in the case of a product of linear groups. Is it an explicit version of the lower bound for semi- 
stable points already studied by Bost [Bos94, Theorem I] and Gasbarri [GasOO, Theorem 1]. A variant 
of this lower bound has been proven by means of similar techniques by Chen [Che09, Theorem 4.2]. 

Let<?= (<?!,..., & n ) be a w-tuple of OR-hermitian vector bundles of positive ranks. Suppose we are 
given a OR-hermitian vector bundle & and a representation 

p : GL(^) := GH@i) * o K ' ' ' x o K GU<2 n ) — GL(^), 

i.e. a morphism of OR-group schemes which is unitary, i.e., for every embedding a : K — C, the action 
of the compact subgroup 

U(*)„ := U(|| • \\ Slt0 ) x •• • x U(|| • \\ Snt0 ) c GUd) a 
respects the hermitian norm || • (or equivalently we have p (XJ(S) a ) c U(|| • ||^,a))- 
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Theorem 2.4. With the notation introduced above, suppose moreover that we have a homomorphism 
ofhermitian vector bundles 

generically surjective and GL(d?) -equivariant. Then, 

h min ((P(^),%(1))//SL(<£)) > £ UipiSi) - ^logrk^, 

w/iere (5^(1) is equipped with the natural Fubiny-Study metric given by 3P . 
Invariant theory for a product of linear groups 

2.2.2. — Let fc be a field. Let n> 1 be a positive integer and E = (Ei,...,E„) a n-tuple of non-zero 
fc-vector spaces of finite dimension. We define 

GL(E):=GL(Ei)x,fc...x fc GL(E n ) 
SL(E):=SL(E 1 )x fc ..-x fc SL(E n ). 

Definition 2.5. Let F be a non-zero fc-vector space of finite dimension. A representation, i.e. a mor- 
phism of fc-group schemes, p : GL(E) — ► GL(F) is said to be homogeneous of weight a - (a\, a n ) e Z" 
if, for every fc-scheme S and all S-points t\, t n e G m (S), we have 

pUi-id,...,* B -id) = ^ 1 --/S"-id F . 

The fact that the characters of the general linear group are powers of the determinant gives the fol- 
lowing basic fact concerning homogeneous representations. Let p : GL(E) ->• GL(F) be a homogeneous 
representation of weight a - {a\,...,a n ) and suppose that the subspace of invariant of F is non-trivial. 
Then: 

• for any i-l,...,n the dimesion e ; - of E; divides the integer af, 

• for any fc-scheme S, any S-point (gi,...,g„) of GL(E) and any GL(E) -invariant element v of F we 
have : 

p(gi,...,g„)- v = det(gi) fll/ei •••det(g„) fl " /e " • v. (2.2.1) 

2.2.3. — For any non-negative integer N let us denote by 6n the group of permutations on N elements 
(if N = 0, then 6o = {id }). If V is a fc-vector space the group 6 N acts on the N-th tensor product V® N 
permuting factors. Explicitly, if a e 6n is a permutation and V\, . . . , i/n are elements of V we have 

a-{vi ®--® vn)= v am ®---® i/ CT(N) . 

2.2.4. — Let a = {a\, . . . , a n ) be a rc-tuple of integers. The fc-group scheme GL(E) acts naturally on the 
fc-vector space 

F fl = End fc (Ep)® fc ---® fc End fc (Er ,! ) 

and the associated representation GL(E) ->• GL(F a ) is homogeneous of weight = (0,...,0). In partic- 
ular the relation (2.2.1) says that the invariants of F a with respect to the action of GL(E) and to the 
action of SL(E) are the same. 

The group 6| fll | x-- - x &\„ n \ acts component-wise on the fc-vector space Ej ai ®---®E^ a ". This gives 
a natural homomorphism of non- commutative fc- algebras 

n n 

e : (g) k[6 Wl \\ — F fl = (g)End fc (E® fl >). 

(=1 !=1 
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Clearly the image of e is contained in the subspace of invariants of F a . The First Main Theorem of 
Invariant Theory affirms that in characteristic the converse inclusion holds too: 

Theorem 2.6 (First Main Theorem of Invariant Theory). Suppose that the characteristic ofk is zero. 
Then the subspace of invariants of the k -vector space 

F a =(g)End fc (E® fl <) 

1=1 

with respect to the natural action o/SL(E) (or equivalently o/GL(E)J is the image of the natural appli- 
cation 

e : fc[6| fl ,.|] — F a = (g)End fc (E® fl '). 

i=l !=1 

2.2.5. — Suppose that the characteristic of k is zero. Then, if V and W are linear representations of 
a fc-reductive group G, a surjective G-equivariant homomorphism of fc-vector spaces cp : V — W the 
homomorphism induces a surjective homomorphism on the subspaces of G-invariants tp : V G — ► W G . 
This follows directly from the functoriality of the projection on the invariants. 

Combining this remark with the Main First Theorem of Invariant Theory, we get immediately: 

Corollary 2.7. Suppose that the characteristic ofk is zero. LetV be a non-zero k-vector space of finite 
dimension andp: GL(E) — GL(F) be a representation. Let a - [a\,...,a n ) bean-tuple of integers and 

cp:F a = (g)End fc (E® fl ') — F 
i=l 

be a surjective and GL(E) -equivariant homomorphism of k-vector spaces. The representation p is ho- 
mogeneous of weight a=[a\,...,a n ) and if the subspace o/SL(E) -invariants is non-zero we have: 

• for any i - l,...,n the dimesion e, o/E,- divides the integer a,-; 

• the subspace o/SL(E) -invariants ofF is the image of the homomorphism 

n n n 

(g)fc[e| fll |]®det(Ei)® fl ' /e '" -^(gjEndtE^O^detfE,-)® '"' 6 ' ► ®E® a < F. 

1=1 i=l i=l 

Application to the lower bound of h mia {{9£ ,l£) //<&) 

2.2.6. — Let us go back to the proof of Theorem 2.4. Let us denote by <3f the quotient of semi-stable 
points of P(^) by SL(<?) and, for any sufficiendy divisible D, by M^, the hermitian invertible sheaf on 
*& induced by ^^-(D). 

To prove such a statement one has to bound the (archimedean) size of a family of generators of the 
global sections of M^>. This amounts to bound archimedean and non-archimedean size of a family of 
generators of the invariants elements of the K-vector space Sym D iF<8>K. 

2.2.7. — For any i = 1, . . . , n let us denote by E,- the K-vector space ® K and by F the K-vector space 
& ® K. Since the characteristic of K is zero and the homomorphism cp decreases the norms, one re- 
duces immediately to the case where 

3F = ^ ai ®-®C" 



16 



and cp is the identity. Applying the First Main Theorem of Invariant Theory (in the form given by Corol- 
lary 2.7) one finds that the subspace of invariants of Sym D F is the image of the natural homomorphism 

O: 0jfc[6 D | ai |]®det(E ; O 8Da;/e; -^®End(Ef Dfl ')®detCE / ) -DB ' / " ► ®E® Da ' -A Sym D F. 

1=1 ! = 1 i = l 

2.2.8. — For any i = 1, . . . , n let us choose a non-zero element 8; of det(E;) so that a family of genera- 
tors of the invariants of Sym D F is now given by the image through <D of the elements of the form 

/ CT :=a®(sf Dai/ei ®---®Sf Dfl " /e '') 

where a = (oi,...,o n ) ranges in &u\a\ '■= &u\ai\ x ••• x 6d|«„|- Summing up we have: 

1 , 1 



Vin((P(^),%(D)//SL(<?))= taf-fr^ (Q)>-_ sup \ £ log sup ||4>(/a)|L D ^. (2.2.2) 

2.2.9. — By definition of the metric on Mq and the fact that the sup-norm on P(^) is smaller that the 
norm on the symmetric powers (see 0.0.2), for any place v and any o" = (cti, a n ) e &r>\a\ one gets : 

sup l|4>(/a)ll^ = sup W(fo)y,<P).v*W(foWsm D *.v 



Let a = (o"i,...,a n ) e ©D|a| be a rc-tuple of permutations and write e(a) = e(o"i) ® ••• ® £(a n ) as an 
element of End (E® Dfll )«>••• ® End(E® 
i.e. it decreases the norms, one has : 



element of End (E ® Bai ) ® • • • ® End(E® Da " ) . Since cp is a homomorphism of Ok -hermitian vector bundles, 



" Dai 

log||3>(/ a )|| s D^^logHeWH^ Enm) ^a ilei +L— logHSilldetC*,-),!; 

i=i e ' 

n n 
= Y,l0g\\E{0-i)\\ EBd{g . ) *Da i le iv + '£ — — log || 8/ 1| det (*,),!> • 
!=1 (=1 e ! 

Lemma 2.8. Lef ^ foe a o^-hermitian vector bundle andW := W ® K. LerN foe an integer, t e 6|N| be a 
permutation andz x e End(W® N ) foe ffoe isomorphism onW 8N obtained permuting factors byi. Then: 

• e T is an isometry with respect to the norm || • ||^®n „; 

• we endow the o^-module End(*0 with the natural hermitian norms on the o^-hermitian vector 
bundle W ®W ; with this convention we have : 



log||e T || End(r «N ) y : 



^logdim K W if v is archimedean 



otherwise. 



Proof of Lemma 2.8. First of all, thanks to the isometric isomorphism End(^ ) — ► End(7^ ) we 
may suppose that N is non-negative. The fact that e T is isometric is clear so let us pass to the proof of 
the formula. 

If the place v is non-archimedean one finds 

lle T (w/)|| r .N i; 

U e -rllEnd(r® N ), y - SU P — [7— TT] = L 
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If the place v is archimedean, n = diniK W and w i, . . . , w n is an orthonormal basis of W one gets: 

H e xllLd(r» N )i; = £ HMWai ®-"® li/«J II^.n „ 
ae{l,...,ra} N 

= E l|w ai ®--®WaJI^N y = #U.---."} N = « N . 

ae{l,...,n) N 

which proves the lemma. □ 
Going back to our computation one finds : 

E lo gll <1) ^)ll S ym^,^E^ lo g rk ^+ E ^logllS/lldet^.),, 

weV K i=l z veV K e ' 

= E lo g rk <^ degSi. 

i=i z e * 

According to (2.2.2), one concludes the proof changing sign and dividing by D. 

3 From the Fundamental Formula to the Main Theorem 
3. 1 Definition of the "moduli problem" 

3.1.1. Index. — Let us work on an algebraic closure K of K. Letn> 1 be a positive integer and P = (P 1 )" 
be the product of n copies of the projective line over K. For any i = 1, . . . , n let pr,- : P — P 1 be the 
projection onto the i'-th factor. 

Let x={X\,...,x n ) be aK-point of P and a = [a\, . .., a„) be a w-tuple of positive real numbers. For 
any i = 1, . . . , n let be a local parameter around x,- £ P 1 (K) . 

Definition 3.1. Let / e PtX be a regular function on P defined on an open neighborhood of x. The 
function / develops into power series 

/= E Qf? 

«=(«i,...,«„)eN» 

with C( e K. If / is non-zero, then we define the index offatx with respect to the weight a as the real 
number 

ind a (/,x) := minjai^i + • • • + a n £ n : c t ? 0} ; 
if/ = 0wesetind a (0,x) := +00. 

If a = (ai,...,a n ) is a n-tuple of positive real numbers we will write l/a = {\l a\,...,\l a n ). In par- 
ticular the index with the respect the weight l/a will be denoted by indi/ fl . 

The notion of index can be naturally extended to meromorphic sections 5 of an invertible sheaf L 
on P: it suffices to choose a trivializing section s of L around x and set 

ind fl (5,x) := md a {s/s ,x). 

The main result that we will be using concerning the index is the Higher Dimensional Dyson's 
Lemma: the version stated here is due to Nakamaye [Nak99] . The original version of Esnault-Viewheg 
[EV84] (which has a slightly bigger error term) would work as well. 

Let r = (ri, r n ) be a n-tuple of positive integers. We consider the following invertible sheaf on 
the projective scheme P : 

& P {r) := pr? P i (n) ® • • • ® pr^ & P i (r„). 
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Theorem 3.2 (Higher dimensional Dyson's Lemma). Let Xi,...,Xn be K-points ofP and t\, ... , £n be 

non-negative real numbers. Suppose that 

• for any i - \,...,n and any a we havepr^Xc) ^ pr ; (x T ); 

• there exists a positive integer a> 1 and a non-zero section f e r(P,(5p(ar)) ® K such that for any 
a = 1, . . . ,N we have 

md ar {f,x a ) >at a . 

Then the following inequality is satisfied: 

n 

£volA„(r CT )<l + e N ,„(r), 
a=l 

where 

£N,n(r):= TT 1+ max \— }max{N-2,0} - 1. 
,Vj I i+l<j<n \n) j 

3.1.2. — We go back to the data of the Main Effective Lower Bound. Let K be a number field, V K its set 
of places and let K' be a finite extension of K of degree d > 2. 

Let n> 1 be a positive integer and consider the product P = (Pp K )" of n copies of the projective 
line over Or- Let 

• = (8i,...,8„) be aK'-point of P such that for any i = l,...,n the point 8,- generates the field K'; 

• x = (Xi , . . . , x n ) a K-rational point of P. 

3.1.3. Kernels of evaluation maps. — Let f e , t x be non-negative real numbers. We consider the fol- 
lowing closed subschemes of the generic fiber P k = Px 0k K: 

• Z r (8, re) : subschemeofPfc defined by the ideal sheaf of regular sections/ such that indi/ r (/, 8) > 

%; 

• Z r (x, t x ) : subscheme of Pk defined by the ideal sheaf of regular sections / such that indi/ r (/,x) > 

tx- 

The closed subschemes Z r (8, re), Z r (x, t x ) are respectively supported at the closed points 8 and x 
of P K . If K is an algebraic closure of K we have 

Z r (8,r e )x K K= □_Z r (CT(8),r 9 ) (3.1.1) 

a:K'-K 

where, for every a : K' — K, Z r (a(8), r e ) is the closed subscheme of P^ = P x„ K K defined by ideal sheaf 
of regular sections / such that indi/ r (/,a(8)) > re- In a equivalent way, since we are working over K 
and 8 is not K-rational, imposing an index condition to 8 imposes automatically the same condition 
at any conjugate of 8. 

We then consider the kernels of the evaluation at these subschemes : 

• K r (6, r e ) : kernel of the evaluation map r(P K ,^ P (r)) — ► T(Z r (6, t e ),0 P (r)); 

• K r (x, t x ) : kernel of the evaluation map L(P K ,<9p(r)) — ► T(Z r (x, t x ),0 P {r)). 
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3.1.4. Linear actions on grassmannians. — Let 8 be a free OR-module of finite rank. For any non- 
negative integer N we consider the grassmannian of subspaces of rank N of E, GrassN(<S"), i.e. the 
OK-scheme representing the functor 

Grass M ((g) : { Or -schemes } > { sets } 

„ _ . [,_. . I &= locally free <Sx-module of rank N, 1 / 

(/ . X - Spec ok) l >\&.V»\ v .*^ r g injective with flat cokernel f / ~ " 

Suppose that an OR-group scheme <S acts linearly on the OR-module 8. Then, for any integer N > 0, 
the Otc-group scheme <S acts naturally on the grassmannian GrassN(<o) of subspaces of rank N, on the 
projective space P(A N <o) and in a equivariant way on the invertible sheaf 0^ g (\). Moreover, the 
Plucker embedding 

a:Grass r (<f)^P(A N <?) 

is ^-equivariant. 

3.1.5. — Let us denote fc r Ue) and k r [t x ) respectively the dimension of the K-vector spaces K r (0, fe) 
and K r (x, t x ). In such a way, these sub-vector spaces of the global sections r(P,(9 P (r)) define the fol- 
lowing K-points of grassmannians : 

• [K r (8, %)] e Grass M<6) (r(P,<? P (r)))(K); 

• [K r (x, tx)] e Grass fcr(W (r(P,«? P (r)))CK). 

The OR-reductive group SL" 0k acts naturally on the product P = (Pj, K )" and we consider the natural 
action induced on the grassmannians mentioned above. The Plucker embeddings 

• Grass Mte) (r(P,<? P (r))) — P(^ r (fe)), 

• Grass MW (r(P,<? P (r))) — P(^ r (fjc)), 

are equivariant with respect to the action of SL" , where we wrote 

• ^ r «6):= A r(P,<? P (r)), 

fcr(fx) 

• &At x ):= A r(P,<? P (r)). 

3.1.6. The geometric invariant theory data. — We will apply the Fundamental Formula to the fol- 
lowing situation : 

P r = ([K r (8, fe)], [K r (*,**)]), 

% r = Grass Mfe) (T(P,0 P (r))) x Grass MU (r(P,<? P (r))), 

^= SL 2,0K> 

S£ T = polarization given by the Plucker embeddings of the grassmannians. 
For any embedding a : K — C, the complex vector spaces 

k r (t e )( n \ 

• & r {t Q )® a C= A (g)Sym r 'C 2v 
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• & r lt x )» a C = A ®Sym r >C 2v . 



are equipped with the hermitian norms obtained by tensor operations (see 0.0.2). We endow the in- 
vertible sheaf J£ with the restriction of the product of the Fubini-Study metrics on the product of 
projective spaces 

P(^r(fe))xo K P(^r(«). 

For any embedding a:K^Cwe denote by || • \\cg >a this metric (which is clearly invariant under the 
action of SUj ) and we write 5£ for the associated hermitian invertible sheaf on SC. 

3.1.7. Some facts about the kernels. — We will need some estimations for the dimension of the ker- 
nels K r (0, to) and K r (x, t x ). 

• rational point: for any i = l,...,n let T; ,T,i be a basis of K 2v such that T n vanishes at x,. Then 
a basis of the K-vector space K r (x, t x ) is given by the monomials 

T je («) = ®T|J- < 'Tg 

where £ runs through V r {t x ) Z - In particular we have dim K K r (x, t x ) = #V r {t x ) z so that 

dim K K ar (x, t x ) 

lim — — =volV„(f x ). 

a-oo a n {ri---r„) 

• algebraic point: If we extend scalars to an algebraic closure K of K, it follows from (3.1.1) that the 
evaluation homomorphism at the indexsubschemeZ r (6, to) x K Kc can be written as follows: 

r(P f) P (r)) — r(Z r (6, %) x K K,^ P (r)) = 0_r(Z r (o(9), t e ),0p(r)). 

a:K'-K 

In particular, computing the dimension of r(Z r (a(6), fe),(Sp(r)) in the same way as we did for 
the K-rational point x, we find: 

dim K K r (8,fe)a flin + l)- d#A r (t B ) z . 

! = 1 

Applying this estimate for any positive integer multiple of r, we get: 

dim K K ar (e,fe) 

limmf — > l-rfvolA„(r e ). (3.1.2) 

a-oo a"(r r --r„) 

In order to bound from above the dimension of K r (6, fe) let us consider the unique real number 
w r (fe) £ [0, n] such that 

volA„(u r (?e)) = min{max{l + z d+hn {r) - <ivolA„(f e ),0} , 1} . 

This real number depends on d but we will omit to write this dependence. 

Lemma 3.3. With the notation introduced above we have 

hmsup — — < volA„(w r (f e )). 

a-oo a"(ri •••?-„) 
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Let us emphasize that this upper bound is obtained as a consequence of the Higher Dimensional 
Dyson's Lemma. 

Proof. First of all, if volA„(u r (fe)) = 1, which means u r {to) = n, this is trivial; hence we may 
assume u r (%) < n. Let y be a K-point of P such that, for any i = l,...,n and any a : K' — K we 
have 

pr^y^pr^crO)). 

Then for any n> t y > u r (to) we have K r (6, ?e) n K(y, ty) = 0. Indeed, if there exists a non-zero 
element / in this intersection, applying the Higher Dimensional Dyson's Lemma we would get 

£ volA„(f 9 ) + volA„(f y ) < l + e d+ i, B (r), 

ct:K'-K 

thus 

volA„(r y ) < min{max{l + e^+i >n 

(r)-dvolA„(fe),0},l}=volA„(M r (%)) 
which would imply t y < u r {%) contradicting the hypothesis t y > u r (tQ). □ 



3.2 Proof of the Main Theorem 

3.2.1. — In this section we will prove Theorem 1.4 admitting some intermediate independent steps 
that we will prove later. 

Let us begin remarking that in order to prove Theorem 1.3, by an approximation argument, we 
may suppose that w-tuple of positive real numbers r = (n, ... , r n ) in the statement is made of positive 
rational numbers. Then, since the Main Effective Lower Bound is homogeneous in r, we may (and we 
always will) assume that r is made of positive integers. 

3.2.2. Semi-stability conditions. — We are going to prove Theorem 1.4 applying the Fundamental 
Formula to the point P r . In order to do this, we have to assure that under the hypothesis of Theorem 
1.4 the point P r is semi-stable. 

More precisely, in Section 6 we will prove the following fact: 

Theorem 3.4. Let n> 1 be a positive integer and r = {r\,...,r n ) be a n-tuple of positive integers. Let 
t x , tQ>0be non-negative real numbers. If the inequality 



volV n {t x )-2f Ci dX < volV„(w r (%))-2 f l,i d\ 

JVn(tx) JV„(u r («e)) 



is satisfied then there exists a positive integer cxo = cto [n, d, r, t$ , t x ) such that, for any integer a > ao, the 
K-point of the product X ar = Grass fccir ( fe ) (r(P,0p(ocr))) x Grass fcar(tx) (r(P,<9 P (ar))), 

Par = ([Kar(e,*e)],[K ar (X,yD 

is semi-stable under the action o/SL^ and with respect to the polarization given by the Plucker embed- 
dings. 

3.2.3. Applying the Fundamental Formula. — The numerical condition appearing in the previous 
statement is exactly the condition (1.2.1) in Theorem 1.4. Hence according to Theorem 3.4 there exists 
a positive integer a = a {n, d, r, t§, t x ) such that, for any integer a > ao. the K-point 

Par = ([Kar(e,fe)L[Kar 
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is semi-stable. The Fundamental Formula (or, better, Corollary 2.3) applied for any a > oto to the point 
P ar gives the following inequality: 

Dividing by a" (r\ ■ ■ ■ r n ) and letting a go to infinity we get 

(Par) 1 ^ , ( P „ r ) ftmln((aTar,^ar)//») 

limsup — ^ + V Hmsup — ar) > limsup i '-. (3.2.1) 

In order to get the inequality in Theorem 1.4 we have to bound the terms appearing in this inequality. 

3.2.4. Upper bound of the height. — The Pliicker embeddings give a closed isometric embedding of 
the product of grassmannians 9C r into the product of projective spaces P(^ r (ie)) x P(^ r (**))• Hence 
we have : 

%(Pr) = h^ Atx) {[K r {x, t x )\) + h^ rW ([KAQ, t e )]). 
Now some simple estimates of Arakelov degrees (see Propositions 4.1-4.2) give : 

n 

• fc F (t ) ([K r (*,t c )])<£ £ €iM*i). 

i=l«eV r (f x )z 



• ^ Ue) ([K r (9, %)]) < f[(r< + Dl r^(0 ; ) + |r|log V2rf 
i=i v«'=i 

Applying these estimates to any positive integer multiple of r we get: 

(Par) If \" " l 

limsup—^ -< X^dk £rjJi(Xj) + £rj/i(8j) + |r|log>/2d. (3.2.2) 

3.2.5. Upper bound of the instability measure. — Let v be a place of K. Let us recall that the insta- 
bility measure iy(P r ) of P r at v is defined as 

it,(P r ) = -log sup 



ge3(C„) IUII^f r , y (Pr) 

• If the place v is non-archimedean we find: 



where s e V*5£ r is a non-zero section 



i„(P r )<Mfe)U max {nlogd^.x^Uff £ ^ ~ — t ~ n|logd„(8,,x,-) 



• If the place v is archimedean we find: 

k r {t x ) + k r {to) 



\. v & r )<k r {tQ)[tQ max {rilogd„(8i,Xi)}] + £ £ 



logdyO/.x,) 



2 

+ 2(Mf*) + Mfe))lr| 
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These bounds will be proved in Section 5. Applying these estimates to any positive integer multiple of 
r we get: 

• if v is non-archimedean: 

i (P ) 

limsup — 7 — — — - < (l-dvolA„(f 9 ))£e max { r ; - log d^ (a (6 ;),*/)} 
a-oo a"(ri---r„) j=i,...,n 

[C volA„( Mr (fe))+volV„(fJ\ » 

Uv„(M 2 J ,- = i 

(3.2.3) 

• if v is archimedean: 

i (P ) 

limsup " — - < (l-dvolA„(r e ))fe max {r,logd y (0,,x ; )} 
a-oo a" (n •••/-„) i=l,...,n 

+ I Si rfA 2- rjlogdvCCTOi),*,-) 

+ 2|r|(volA„(u r (t e ))+volV„(t x )). (3.2.4) 

3.2.6. Lower bound for the height on the quotient. — Combining the Pliicker and the Segre embed- 
dings we get a ^-equivariant closed embedding 3C r -* V{2P r (%) % & r {t x )) . 

Applying the lower bound given by Theorem 2.4 to the representation <g —■ GL(^ r (%) ®& r {t x )) 
and to the natural surjection 

CP : <g> (oiT^^ — **At x ) 
(hence with <f, = o| and with a t = -r,- (fc r (%) + fc r ( £ x )) for any i = 1, . . . , n) we get 
femin((^r,^V)//^) > h min ((P{& r (te)®& r {t x )),W(r))//<g) 

>-(fc r (fe) + fc r (f x ))|r|logv / 2-i(logfc r (f 8 )! + logfc r (^)!) ) 

where the term -l/2(logfc r (fe)! + logfc r (f JC )!) is due to the ratio between the hermitian norm on the 
alternating product and the quotient norm with the respect to surjection cp (see 0.0.2). Thanks to 
Stirling's approximation one gets 

Vin ((5K" r ,3V)//0) > -3(M%) + k r {t x ))\r\. 
Applying this formula to any positive integer multiple of r we conclude: 

h m J{X ar ^ ar )ll<s) 

liminf K — > -3(volA„(Mt e )) +vo\V n (t x )) \r\. (3.2.5) 

a-oo a"(ri •••?-„) 

Now to conclude the proof one has the asymptotic terms in (3.2.1) with the corresponding bounds 
given by the inequalities (3.2.2) - (3.2.5) . 

4 Upper bound of the height 

We go back to the notation introduced in the paragraphs 3.1.3 and 3.1.5. 



24 



4.1 Rational point 

Proposition 4.1. With the notation introduced above, we have 

h ¥Atx) UKAx,t x )])<it E e tHxt). 

i=lt£V n {r,t x ) z 

Proof. Let To, Ti be the canonical basis of K 2v . For any i = 1, . . . , n let (x,o, x,i ) be a non-zero element 
of K 2 representing the point x* e P J (K). We may suppose that x;o is non-zero. For any rc-tuple of 
non-negative integers £ e D r define 

n 

T(«) :=(8>To ,_ *'T*' ( 
i=l 

where T X; = x Ti - XiT . A basis of the K-vector space K r (x, f x ) is given by the elements T(£) while £ 
ranges in V r (f x ) z . 

Let y be a place of K. The Hadamard inequality gives 

log||T(£)|| F < £ log||T(£)||r(P, ep(r) ), v . 

For any rc-tuple of non-negative integers £ eD r the sub-multiplicativity of the norm on symmetric 
powers gives 

log ||T(«) \\nPMr)),v = E l0 8 U T 0~M- II v< E fa " «() log UTo II v + «< log l|T X( || „ 

! = 1 ! = 1 

= £«/log||x / || I ,. 

! = 1 

Thanks to the Hadamard inequality, we conclude taking the sum over all places. □ 

4.2 Algebraic point 

Proposition 4.2. With the notation introduced above, we have 

fcy r(W ([K r (e, %)]) < f[(r ; + 1) £ 77/1(6;) + Irllogv 7 ^ . 

The rest of this section is devoted to the proof of this upper bound. 

4.2.1. — We begin equipping the OR-module r(P,<9 P (r)) with the natural hermitian metric induced by 
the identification ^ 

r(P,<9 P (r)) = (g)Sym r '(o 2v ). 

We denote by r(P,<Sp(r)) the resulting OK-hermitian vector bundle. We remark that the OR-hermitian 
vector bundle r(P,<5p(r)) is not trivial since the basis of T(P,0p{r)) given by the elements 

n 

T(«) = 0To'' 't; ! 

! = 1 

is orthogonal but not orthonormal. Anyway, for any place v, the sub-multiplicativity of the norm on 
symmetric powers gives 

log ||T(«) || f (p mr)) v < £ (r, - £0 log ||T II „ + £t log ||Ti || „ = 0. 
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In particular we have 

p(F(P,0 P (r)))>- £ E togUT^WpW),^ - W- 2 - 1 ' 

yeV K len r z 

4.2.2. — We endow the K-vector space K r (8, %) with the structure of OK-hermitian vector bundle in- 
duced by the one of r(P,tf5p(r)). Namely, we consider the OK-module 

,J? r {Q, to) = r(P,«? P (r)) n K r (0, r e ) 

equipped with the restriction of the hermitian norms on r(P,<Sp(r)). Let us then consider 

^ = r(P,<9p(r))/^ r (e,r e ) 

and endow it with quotient norms with respect to the surjection r(P,tf5p(r)) — ► c €. We denote by the 
OK-hermitian vector bundle obtained in this way With these choices and according to (4.2.1) we have 

h WrW ([K r (Q, %)]) = -delPF r (e, to) = degf (P,0 P (r)) < tegV. 

4.2.3. — Let us denote by E the K-vector space T(Z r (0, re),<9 P (r)) and let O be a Galois closure of K' 
over K. Then let us endow the Q-vector space E ®k O with a structure of On-hermitian vector bundle 
as follows. As mentioned before (see 3.1.3), we have 

Z r (e,£ 9 )x K n= □ z?(o-(6U e ) 

a:K'— CI 

(where, for every a : K' — Q, Z^(a(8), t$) is the closed subscheme of Pn = P x 0K O defined by ideal 
sheaf of regular sections / such that indi/ r (/,a(8)) > fe). Hence 

E ®k ^ — E CT :=r(Z?(a(8Ug),<9p n (r)) (4.2.2) 

For any i = l,...,n let 0; = (8 i0 ,8a) be a K'-point of A 2 representing the point 6;. Since 0; is not 
K-rational, we may (and we will) assume 0,-q = 1. 

Fix a : K' ->■ O an embedding. A basis of the Q-vector space E a is given by the elements 

T a( 9)(«) = (8)T r! - f 'T^ e!) 

! = 1 

where T^gj = Ti - 8,iTo and (. = (£i,...,£„) ranges in the elements of A r (fg)z- We consider the 0n- 
submodule <g a c E a generated by the elements T(£)'s and we equip it with the hermitian norm having 
the elements T(£)'s as an orthonormal basis. We denote by S a the associated On-hermitian vector 
bundle. 

Finally, according with (4.2.2), we endow Q-vector space E®kQ with the structure of On -hermitian 
vector bundle given by the orthogonal direct sum of the On -hermitian vector bundles & a 's. 

4.2.4. — The evaluation homomorphism n : r(P K ,0p(r)) — E = r(Z r (8, t e ),0 P (r)) factors through an 
injection e : ® K ->• E. Extending the scalars to Q and applying the slope inequality, one gets 

ft Fr(te) ([K r (e,%)])<deg^<rk^ p max (^ n )+ £ log||e|| sup , J (4.2.3) 
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where for any place v e Vq we denoted by ||e|| suP)! , the f-adic operator norm of the injection e, 

llellsup.i/ := sup — — . 

0^f£-~€®K \\j\\<£,v 

Clearly this coincides with the operator norm ||n[| supj „ of the evaluation morphism n. Let us also re- 
mark that, by definition, the On-hermitian vector bundle <?n is trivial hence p max (<?n) = 0. 

4.2.5. — So we are left with bounding the y-adic size of the evaluation homomorphism n. For any 
embedding a : K' — «■ O let us consider n^ : r(Pn,0p(r)) — ► E a the composition of the homomorphism 
n with the canonical projection E — ► E a . Let us also denote by || n CT || sup> v the operator norm of n a . With 
this notation we have : 

• vnon-archimedean: Unllsup.y^ max ||n CT || supj „; 



v archimedean: ||n|| sup>i; < \fd max ||n a || suPil ,. 



For any a : K' — • O and any i = 1, . . . , n let us consider the automorphism cp CTi - of the Q-vector space Q 2v 
defined by 

[To -To 

I Ti — T CT( e.) = Ti -8,iTo 



and <$ a i the corresponding automorphism of P^. Let us denote by cp a : Pq —• Pn the automorphism 
that operates as O ct , on the i-th factor. With this notation we have 

fa 1 (ZQ,r(<j(9), r e )) = Z r ((l : 0), t Q ) x K Q. 

In particular the homomorphism n CT o cp* : r (P n , <9 P ( r) ) — E CT coincides with the evaluation morphism 
at the closed subscheme Z r ((l : 0), to) x K Q, i.e. it is described as follows 



T(£) = ®T " i f 'Tj ! 

l=i ' 1° 



T„ (8 ,(£) if£eA r (r e ) z 
otherwise. 



The elements T a( e) (£)'s form an orthonormal basis of the trivial On-hermitian vector bundle S a . Thus 
we have ||n CT oO* || sup ,„ < 1 and we deduce ||n CT || supj „ < || (^J) 1 llsup,i> • The pullback by the morphism 
O" 1 induces on the global sections of <9 P (r) the homomorphism 

Sym ri cp- 1 1 «.---«.Sym r "cp-] ! . 

Recalling that for an endomorphism \\i of a OR-hermitian vector bundle Y the sup-norm of \\i is smaller 
than its norm as an element of 7 /V ® Y, we have the following inequalities: 



I [K) 1 II su P) , = log || Sym ri tp a l ® • • • ® Sym r " (p a * 



< log || Sym ri cp^ 1 ® ■ ■ ■ ® Sym r " <p ff J 

re 

<Xnlog||cp^|| End(0 |v )v 

1 = 1 



sup,w 

an|lEnd(r(PA>(r})),i; 



Now one has to treat separately the archimedean and the non-archimedean case. 
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• v non-archimedean: 

log || (p~J || „ = logmax{ || (p~J (T ) || „, <p~,- (Ti) || „} 

= logmax{||(l,0)|| 1 , ) ||(CT(en),l)l| [ ,} = log||a(e ( -)|| [ ,. 

• v archimedean: 

log || <p-) || „ = log Y/llcp-Jrail^ + llcp-JtT!)!!, 



= log > /||(l I 0)||2 + ||(o(8 i i),l)|| 



= log 1 + iio-ce.oili < log || ace,-) ll „ + log v£ 

Taking the sum over all the places of D. we finally get 

{n In 
£ r 4 log || a (0,0 1| „ U log v 7 ^ = £ r, fc(8 ; ) + log v^d. 
i=l J i=l 

According to (4.2.3) we finish multiplying byrk<t? and bounding it by rkr(P,(5p(r)) = FIf =1 (r/ + 1). □ 

5 Upper bound of the instability measure 
5.1 General notation 

5.1.1. — We go back to the notation introduced in the paragraphs 3.1.3 and 3.1.5 and we fix now some 
supplementary notation that we will keep during all this section. We start choosing 

• K r (x, t x ) anon-zero element of ^ r {t x ) ®K V representing the point [K r (x, t x )], 

• K r (0,£e) anon-zero element of & r (.tQ) ®K V representing the point [K r (0, tg)], 
so that, by the very definition of instability measure (paragraph 3.2.5), we have : 

m , , . , \\g-(Kr(X,t x )®K r (e,tQ))\\p r u x )»? r lt< ) ),v 

i„(P r ) = log mf ^ ^ . 

g £ SL 2( c„)» || Kr (x, f x ) ® K r (8, m* r it x )f r w.v 

Since we are simply interested in a upper bound for the instability measure, what we will actually do 
is bounding the instability with the size of some special points in the orbit of P r . More precisely, for 
every embedding a : K' — C v , we will define an element g a of the group SL 2 (C y )", and in such a way 
we will have: 

i„(P r )< inf {i„(g ,[K r (*,t c )])+i„(g ,[ICr(e,<iB)])} (5.1.1) 



where 



i v (g CT , [K r (x, t x ) ] ) = log — -p— ; 

l|K r (X, ^)ll^ r (t x ),y 

|g CT -K r (0,re)ll^ae), v 



i„(g ff ,[K r (e,r e )]) = log 



II K, (8, fc) | 



According to (5.1.1), the upper bounds that we stated in the paragraph 3.2.5 are obtained summing 
the upper bounds of i y (g CT , [K r (x, t x )]) and i„(g CT , [K r (0, to)]) that will be respectively proved in Propo- 
sitions 5.1 and 5.2. 
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5.1.2. — Let us pass to the definition of the elements g° that we alluded before. Let a : K' — C v be an 
embedding and for any i = 1, . .. , n let : 

• Q a . = (8? ,8£) £ A 2 (C„) be a representative of ct(8/) e P^C) such that ||8^L = 1; 

• % - (x/o , xn ) £ A 2 (K v ) be a representative of Xj £ P 1 (K) such that || % || v — 1; 

We consider the automorphism g? of C 2 such that the automorphism induced on the dual vector 
space C 2v is given by the following matrix (with respect to the canonical basis T , Ti): 

Explicitely g? is given by the inverse and transpose matrix of the preceding one: 

, v-l 

T (T._l u iO "(I 



Let us point out some straightforward properties of g? that we will need in the computation: 

• The key property of the element g? is that it measures distance of a point y £ P 1 (C V ) and the 
points Xi and a(8,). In fact, let y = (y , yi) £ A 2 (Ci;) be a non-zero representant of the point y 
and suppose that ||y,- || v = 1. We have: 

[maxjdyfaO,), j/jO.dyCx,-, y,)} f is non-archimedean 

- ObTi - >lT ) II w = (5.1.2) 

[ V / d i ,(a(8) ! -,y) 2 + d„(x;,y) 2 v archimedean 

• Since the points 8? and X; are of norm 1 we have d„(o"(8;),X;) = |8" x/i - 8°x; |y. Hence: 

Idetgf |„ = |S°| 2 = d v (o(.B t ),x t ). (5.1.3) 

Finally we choose a square root 8, £ C„ of detg" so that the automorphism g? := g?/8° is of determi- 
nant 1. The element g a is the rc-tuple of the elements g?'s, 

I" :=£?....,!£■ 
5.2 Instability measure at the rational point 

5.2.1. — In this section we will prove the following upper bound for i„ (g°, [K r (x, t x )\). 

Proposition 5.1. With the notation introduced above, we have : 

• if v is non-archimedean: 



i v (g°,[KAx,t x )])<n E ti-^r- 



logd 1 ,(a(8 i ),x i ); 

i/v is archimedean: 

i„(f ff ,[K f .(x,t t )])<f;( £ £ I -^4^r ; |logd„(CT(8,),x i ) + 2fc r (^)|r|. 

i=i\tev r iy z 
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5.2.2. — To begin with, let us remark that, since the representation GL" — GL{& r {t x )) is homoge- 
neous of weight k r {t x )r, writing g a = [{6^)~ kr{tx)r gi,...,^%)~ kr{tx)r "gn) we have 



i v (g a , [K r {x, t x )]) = i v {g a , [K r (x, t x )]) - k r {t x ) 

k r (t x )l" 



Lr, log |6, | 
V«'=i 



■■ i v {g a , [K r (x, t x )]) - £ rilogd„(a(9,),*,) 



1=1 



(5.2.1) 



where 



i„(g CT ,[K r (x,^)])=log 



\g a -K r (x,t x )\\& r{tAv 



\\K r {x,t x )\\& Atx) , v 

5.2.3. — Let us consider for any i = \,...,n the following elements of K 2v . 

T;o = X(oTo + XiiTn 
Til = -^iiTo + XjoTjo- 

Since the point 2, £ K 2 is of norm 1, the elements T i0 and T (1 are of norm 1. If v is non-archimedean 
and o v denotes ring of integers of K„ they form a basis of the o„-module o 2v ; if v is archimedean, they 
are orthogonal so they form an orthonormal basis of K 2v . 

A basis of the K-vector space K r (x, t x ) is now given by the elements of the form 

n 

T(£)=®T[ ( p i T*j 

where i = ranges in the elements of V r {t x )z- 

• If v is non-archimedean the elements T(£)'s form a basis of the o^-module (K r (x, t x ) ®K V ) n 
(r(P,^ P (r))«>o v ). Hence 

log\\K r {x,t x )\\& r{txlv = 0. 

• If v is archimedean the elements T(£)'s are orthogonal but they are not of norm 1. Precisely we 
have 



log||K r (x,r x )||^ r(UjV =log 



A T(Q 



= ^ log||T(«|| r(P ^ p(r))jI , 



'teV r (Wzi=i 

Bounding the binomial (^) with ( Lri r /2j) and using Stirling approximation we obtain 

log||g r (x > tc)||, r(tl) ,„ = -i X f>g J/ >-I £ f;2r, = -fc r (tc)lr|. 
5.2.4. — After this preparation, applying the Hadamard inequality and the sub-multiplicativity of the 
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norm on symmetric powers, we have : 

log||g a -K r (x,fJ||< ?rfe)) „ = log 



f.\ a t(o 

VfEV r (f x ) Z 



< £ logllg CT -T(«|| r( p )ep ( r))>l; 

«eV r (r x ) z 

£ E E( r i-^-) 1 °gllg CT - T i0L + « i -lOgllg CT -T i -l|| 1 ; 

«eV r (f x ) z i=l 

The property (5.1.3) of g? is the one that justifies its definition. In fact we have: 

1 1 v non-archimedean 
v y/2 v archimedean 

• iig°-T / iiL = d„(CT(e / ) > x / ). 

Employing this in the previous upper bound, if v is non-archimedean, we obtain: 

n I \ 

iAg a ,[K r {x,t x )])=log\\g' J -K r {x > t x )\\^ ltx) , v <^ E <i d„(CT(8,),X,). 

i=l\teV r (Wz ) 

Otherwise, if v archimedean, we have: 

l „ (g° , [K r (X, t x ) ]) < log || g° ■ K r (X, t x ) || & r ( tx ),v + k r [ t x ) I T I 
n I \ 

<£ £ d„(a(9,), jci) + (logV2 + 1) JtrCWIrl. 

(=1 UeV r (f x ) z / 

So we conclude the proof according to (5.2.1) and, in the archimedean case, bounding log\/2+ 1 by 
2. □ 

5.3 Instability measure at the algebraic point 

5.3.1. — In this section we will prove the following upper bound for i„ (g°, [K r (0, f e )]). 

Proposition 5.2. With the notation introduced above, we have : 

• ifv is non-archimedean: 

I 1 " 

i v {g°, [K r (6, f 9 )]) < k r {t 6 ) f e max {r,- logd y (o-(8,0, *,-)}- - Y r,- log d„ (0(8,0,^0 
^ i=l,...,n 2 " 



z/V is archimedean: 



1 A 



i4g°> [KrCB. fe)]) s fc r (f e ) ( f e max {r/logd^CTO,),^)} - - £ r/logd^crO^x,) | + 2fc r (f e )|r| 

l-l,...,n 2 ( - =1 
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5.3.2. — As in the proof of the Proposition 5.1 let us begin remarking that, since the representation 
GL" — GLG^V(fe)) is homogeneous of weight k r {t$)r, we have 



i v {g°, [K r (6, to)]) = i v ig a , [K r (6, to)]) - k r {t e ) 



I n 



= iv(g°, [K r (0, %)]) - ^1 £ ri logd y (a(9i),Xi) I . (5.3.1) 



where 

i„(g CT ) [K r (e,fe)])=log 



„ ((),/„! IU-„:„,;,, 



l|K r (e,f e )IU r ( te u 

5.3.3. — Let us consider a basis /i,.. -,fk r {t e ) of the Cy-vector space K(6, t&) ® C„ such that : 

• if v is non-archimedean ando^ denotes the ring of integers of C v , the elements / a 's are a basis 
of the o v -module (K r (x, t x ) ®C V ) n (r(P,0p(r) ® o„). 

• if y is archimedean, the elements / a 's are an orthonormal basis. 
Then, by Hadamard's inequality, we have: 

fcr(te) 



i,;(g a ,[K r (e^e)]) = log 



fcr(fe) 

g a '| A /a 

a=l 



^ E lo gll& a -/allr(P,^p(r)), y . 



so we are left with the proof of the following lemma: 

Lemma 5.3. Let f be a non-zero element ofK r (8, re) . With the notation introduced above, we have 
• if v is non-archimedean: 

^g - ^ r e max inlogd^aO,)^,)}; 

11/ llr(PA>(r)),v i=l,..., n 



i/i/ is archimedean: 



lo g — r e max logd„CCT(6,-), x,-)} + 2|r|. 

IIJIIr(P,0p(r)),i> i=l,...,n 

5.3.4. — To begin with, let us consider the following elements of C 2 V V : 

Since the points 8° are of norm 1, the elements T/o and T,-i are of norm 1. If the place v is non- 
archimedean they form a basis of the t>„ -module o 2 v w (where o v is the ring of integers of C„); if the 
place v is archimedean they are orthogonal and so they form an orthonormal basis. 
For any rc-tuple of integers i = (£i,...,£„) e D r let us define 

T(£)=0T!"- fi Tf{. 



32 



The monomials T(£)'s form abasis of the C„-vector space r(P,<5p(r))®C„. If v is non-archimedean the 
elements T(£)'s form a basis of the o^-module K r (x, t x ) n r(P,<f?p(r)); if v is archimedean the elements 
T(£)'s are orthogonal and 



l|T(«||r(P^p(r)),,= 



-1/2 



/ x-l/2 



5.3.5. — The same computation of that in proof of the Proposition 5.1, that is using the sub-multiplicativity 
of the norm on symmetric powers, gives: 



log||g w -T(£)||r (I .^(r)),i»s£(r / -£ / )log||gJ'-T,o|| I , + « / log||gf -Tall,,. 

! = 1 

Now, using the key property (5.1.3) of g? we have : 

{1 v non-archimedean 
r 
V2 v archimedean 

• llg a -T i - 1 || i; = d„(a(e i -),x i -). 

So that we obtain the following upper bounds: 

• if v non-archimedean: 



log||g CT -T(«||r ( P,0p( r )), 1 ;<^£ i logd y (CT(e i ),x i ); 
;=i 



• if v archimedean: 



log || g a ■ T(£) || F (P,0 P w), v < £ it log d„ (a (9,0 , x t ) + log v/2 fc r ( %) | r | 

i=i 



5.3.6. — We are now ready for the proof of the Proposition 5.2. Let us develop the global section 
/ £ K r (8, r e ) with respect to the basis {T(£)}: 

where qeC„. Moreover, 

• if v is non-archimedean: ll/||r(P,e P (r)),w = max{|Q|„ : i e Dr,z} . 



• if i; is archimedean: ll/llr (P ^ p(r)) „ = £ IqI* 



Since the distance on the projective line is bounded by 1, for every I e V r (fe)z we have: 



f«ilogd„(CT(9i),*i)<ff;^ 

(=1 \i=l r i / 



max {nlogdyCCTCe^.x,)} 
i-l,...,n 



<t e max {r/logdyCcrCe^.x,)}, 
i-l,...,n 
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By definition the global section / satisfy indi/ r (/,a(0)) > re, i.e. we have eg — for every £ e A r (re)z- 
Applying the previous considerations we obtain for v non-archimedean: 

log II g° • f II r ( p,0 P (r)),v^ t max {log I c t I „ + log || g° • T(Q || r(p >#p (r))> „ } 

< r e max {r ; logd v (CT(0 ; ),x ; )} + log||/||r(P,^ P (r)),[;. 
i=l,...,n 

which actually concludes the proof in the non-archimedean case. Let us then suppose that v is 
archimedean. Applying the triangle inequality we have: 

llg CT -/llr(P,# P (r))< £ lQUIg a -T(£)||r(P,# P (r)),„ 

«eV r (t e )z 



< max {d„(a(9 i -),x i -) r! }' e £ iQlfiv^' 



i-\,...,n 



-Ji-U 



tev r (i )z i=l 



(5.3.2) 



Comparing € J and € 2 norms on T(P, P (r)) thanks to Jensen's inequality we have 
£ lQl.fl vf'"'' 



feV r (t e ) z i=l 



\i=l 



nc-i+i) e M 2 i\2 r '- ei 



fEV r (t e )N I' = l 



where we used rkr(P,<9 P (r)) = FI" =1 + 1). Now the right term can be compared with the norm of /: 



E \c e \ 2 f[2 r '- e '< max i " Y\2 r ^ 



max 



«eV r (f e )z [^ji=i 
Finally, using Stirling approximation we find 

<!1okP 

,•=1 fEV r (i e ) Z 

so we conclude according to (5.3.2) 



11/11 



r(P,0 P (r)),i>- 



£ log(r, + 1) + max hog + £ (r* - «/)log2 1 < - |r| < 4\r\, 



! = 1 



□ 



6 Semi-stability 

6. 1 Basic facts about the semi- stability of subspaces 

6.1.1. Instability coefficient. — Let G a K-reductive group acting on a proper K-scheme equipped 
with a G-equivariant invertible sheaf L. Let x be a K-point of X. Let A : G m -^Gbea one-parameter 
subgroup of G and consider the morphism X x : G m -* X given by 

\ x (f) := \(f) • x. 

By properness of X, the morphism X x extends in a unique way to a morphism X x : A 1 — «■ X. We denote 
by x the K-point A x (0). Since it is a fixed point under the action of G m , then G m acts on the K-vector 
space Xq L through a character 

with Pl(A, x) e Z. We call it the instability coefficient ofx with respect to the one-parameter subgroup 
A and the invertible sheaf L. Let us remark that the sign in this definition is opposite with respect to 
the convention adopted in [GIT, Definition 2.2] . 
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Theorem 6.1 (Hilbert-Mumford-Kempf-Rousseau, [Kem78, Theorem 4.2]). With the notation intro- 
duced above suppose that L is ample and K is perfect. Then the point x is semi-stable if and only if 

Hl(A,x)<0 

for every one-parameter subgroup A : G m — X. 

6.1.2. Linear action on grassmannians. — Let V be a finite dimension K-vector space and r be a 
non-negative integer. We consider the grassmannian of r-dimensional subspaces Grass,- (V) and its 
Plucker embedding a : Grass,- (V) — ► P(A r V). 

Suppose that a K-reductive group G acts linearly on V. Then it acts on the grassmannian Grass,- (V), 
on the projective space P(A r V) and in a equivariant way on the invertible sheaf 6{V) on P(A r V). 
Since the Plucker embedding a) is G-equivariant with respect to this action, the ample invertible sheaf 
<D*<9(1) on Grass r (V) is naturally endowed with a G-equivariant action. 

Definition 6.2. For any subspace WcVof dimension r we will denote simply by n(A, [W]) the integer 

Hffl«€? ( i)(A,[W]) = |^ a) (A,cD([W])) 

omitting the polarisation S>*G{\). 

6.1.3. Formula for the instability coefficient. — Keeping the notation introduced here above, let 
A : G m ->■ G be a one-parameter subgroup. For any integer a let us consider the subspace 

V a :={veV:\(t)-v = t a v}. 

For a sub-space WcVwe define W a := W n V a and 

W[a] :=0W fc . 

b>a 

The subspaces W[a] define a decreasing filtration of W and we have 

|i(A, [W]) = £ a (dim K W[a] - dim K W[a + 1]) 

^max 

= a m i n dim K W+ £ dim K W[a], 

#=<%lin + l 

where a m i n (resp. a max ) denotes the smallest (resp. the biggest) integer a such that V a is non-zero. Let 
us draw some easy consequences of this formula. 

• Inclusion formula: Let W'cWbe subvector spaces of V. Then we have: 

|i(A,[W']) < p(A,[W]) + a min (dim K W-dim K W'). (6.1.1) 

• Grassmann formula: let Wi and W 2 be sub-vector spaces of V. Then we have: 

p(A, [Wi]) + p(A, [W 2 ]) < |i(A, [Wi + W 2 ]) + |i(A, [W x n W 2 ]). (6.1.2) 
In fact for any integer a e Z the usual Grassmann formula for dimensions gives 

dim K Wi [ a] + dim K W 2 [ a] = dim K (Wi [a] + W 2 [a] ) + dim K (Wi [fl]nW 2 [«]) 
and we conclude noticing that Wi [a] + W 2 [a] c (Wi + W 2 ) [a] . 
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In the following will be also useful to remark the following fact. 

Let W c V be a sub-vector space of V and u>\, . . . , w r be a basis for W where r is the dimension of 
W. For any i = 1, . . . , r let us consider the instability coefficient u(A, [if,]) of the point [if,] e P(V). Then 
the vector if; writes as 

A(t) • if, = t^ (A,[u, ' ]) if ,-, m jn + (terms of higher order in t) 

with «/,, m in e V. Suppose that the basis { if;} is such that the elements if i, m in. ■ • • , w r , m i n e V are linearly 
independent; then 

u(A,[W]) = £u(A,[if;]). 

! = 1 



6.2 Asymptotic semi- stability of P r 

6.2.1. — We go back to the notation introduced in the paragraphs 3.1.3 and 3.1.5. Since the integral 
models do not play any role here, we will silently work over K and not over Ok (for example P will 
denote the product of n copies of the projective over K). 

Theorem 6.3. Let n > 1 be a positive integer and r = [r\,...,r n ) be a n-tuple of positive integers. Let 
t x , tQ>0be non-negative real numbers. If the inequality 

(6.2.1) 



volV„(r x )-2 f Ci dX < volV„(H r (f 6 ))-2 / ti dX 

JV„(t x ) JV n (u r (t B » 



-e«(r) 



is satisfied then there exists a positive integer cxo = cto [n, d, r, t$ , t x ) such that, for any integer a > cto, the 
K-point of the product 5£ ar = Grass fcar(fe) (T(P,<5p(ar))) x Grass fcar(tx) [T(P,0 P {ar))), 

Par = ([Kar(e,<&)],[Kar(*,t ( )]) 

is semi-stable under the action of 'SL" and with respect to the polarization given by the Plucker embed- 
dings. 



6.2.2. — To begin let us remark that the condition (6.2.1) implies that there exists positive real num- 
bers 8 = 8{n, d, r, tQ, t x ), p = p{n, d, r, fe, t x ) and a positive integer ao = cto(n, d, r, t$, t x ) such that, for any 
integer a > a and any u such that | u - u r ( fe) | < p we have: 



#Var(f*)z-2 Zi 
«£V ar («z 



#V ar ( M ) z -2 £ t t 

feV ar (u) z 



(e(r) + 8)ar,-. 



(6.2.2) 



We will need ao and p to satisfy other three technical conditions on the approximation of some cardi- 
nalities by volumes — up to increase a and decrease p they can always be obtained: 



• Since we have 



dim K r(P,<9 P (r)) 

lim — ; — = 1, 



a-oo a" (ri •••;-„) 
we will suppose that for any a>a we have 



dim K r(P,<9 P (r)) 
oc"(ri---r„) 



-1 



8 

< -. 

3 



(6.2.3) 
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We recall that the dimension fc r (fg) of K r (0, t$) is asymptotically given by (see (3.1.2)): 



liminf fcar(fe) > 1 - dvol A„(%). 
a-oo a "(r r --r„) 

Hence, we will suppose that for any integer a > a and any u such that | u - u r ( £9) \ < p we have: 



k ar (t e ) ,. .... 8 

— > (1 - <ivolA„(f 9 )) - -. 

a n {n---r n ) 3 



(6.2.4) 



• Let us remark here that the semi-stability condition (6.2.1) is never satisfied for u r {to) = 0, n. 
Hence, by the very definition of u r ( t$) , we have 



volA„(Mf 9 )) = l-dvolA r (r e ) + e„(r). 



In particular, 



lim #V "^ M ''(f9))z -volVn(Mfe)) = 1 -volA„(u r (fo)) = rfvolA„(r e ) -e„{r). 

We will finally suppose that for any integer a > ao and any u such that | u - u r {to)\ < p we have 

#V ar (w) z 



■-(dvolA„(%)-e„(r)) 



8 

< -. 

3 



a"(n •••>-„) 

In the remainder of the proof we fix a > ao and we prove that P ttr is semi-stable. 



(6.2.5) 



6.2.3. — We will prove Theorem 6.3 thanks to the Hilbert-Mumford criterion in its K-rational version 
proved by Kempf and Rousseau (Theorem 6.1). 

Let A : G m — SL^ be a K-rational one-parameter subgroup. For any i = 1, . . . , n let A,- : G m ->• SL 2 
be the one-parameter subgroup induced by the projection onto the ;'-th factor. There exists a basis 
Tjo.Tn of K 2v and a non-negative integer m t > such that 

A i (T)-T i -o = T m 'T i - 
^(W -Tji = T~ mi T;i. 

6.2.4. — In general the instability coefficient is additive on a product. Hence, in this situation, we 
have: 

H(A,P ar ) = n(A, [K ar (x, t x )\) + |i(A, [K ar (9, r e )]). 

We will treat separately the instability coefficient at the rational point and at the algebraic one. Let us 
postpone the proof of the results that we state here in order to show how they permit to conclude the 
proof. 

• rational point: an easy computation based on the explicit knowledge of a basis of K r {x, t x ) gives 
(see paragraph 6.2.5 below): 



u(A, [K ar (x,^)]) < £ mi 



k ar (t x )- ri -2 £ ii 



(6.2.6) 



algebraic point: an application of Higher Dimensional Dyson's Lemma will show that for any 
w r (£e) <u< u r {tQ) + p we have (see paragraph 6.2.6 here below): 



|i(A, [K ar (9, r e )D £ «(r • m)(e„(r) + 8) - £ m; 



#V ar (u) z -2 e i 

teV ar (u) z 



(6.2.7) 
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According to the additivity of the instability coefficient, summing up the previous facts, we conclude 
that the instability coefficient u(A,P ar ) is non-positive if the following condition is satisfied: 



E m i 

1=1 



k ar {t x )-ri-2 E f i 

teV ar (f x ) z 



#V ar (w) z -2 E £ i 

«eV ar (u) z 

Since we supposed the integers m; to be non-negative, this is assured by (6.2.2) 



< E m * 

(=1 



+ ar i -(e„(r) + 8) 



6.2.5. Instability coefficient of [K r (x, t x )\. — For any i = 1, . . . , n let us consider x; M £ {0, 1} defined 
as follows 

1 1 if T;o vanishes at X; 
1 otherwise. 



Xi(*):= 



Lemma 6.4. With rfae notation introduced above we have : 

n 



p(A,[K r (x,f x )]) = E E (-D XiW m i (r ; -2£ i ) 
i=neV r (f x ) z 

f(-l)^ w m I Lfe)-r i -2 £ £,|. 



! = 1 



«eV r (t x ) z 



Proof. Let / = 1, . . . , n be such that T,o does not vanish at the point X; , i.e. x; M = 0, so that there exists 
i,i e K such that T,i - <;,T l0 vanishes at x,-. A basis of the K-vector space K r (x, £ x ) is given by elements 
of the form 

T(£):= (g) T^'CTd-tiTjo/'U (g) T^T^ ! 
Vx<w=o / Vx/W=i 

where t = (£i,...,£„) ranges in the integers rc-tuples belonging to V r {t x ). A straightforward computa- 
tion gives 



A(t) • T(£) = tM *' (T n - T^Tfl,)'' U T^T[j 



where 



XiW=0 



\U:= Y j {-l) Xi{x) m i {r i -2(. i ). 

! = 1 



(6.2.8) 



Since the integers m; > are supposed to be non-negative, the component of A(t) • T(£) of minimal 
weight {i.e. the polynomial multiplied by t w ) is 



/ 



T(£) r 



''(Ta-^Tio)'' 

XiW=0 
t m,=0 



T^'T* 
XiW=0 



T^T^l 
t(W=l / 



In particular the elements {T(£) : £ e V r (r x )z} are linearly independent, which entails 

H(A,[K r (*,tc)])= E W- 

feV r (i x ) z 

According to (6.2.8) this conclude the proof. 



□ 



where for any £ e V r (f x )z we denoted by u(A, [T(£)]) the instability coefficient of T(€) as point of 
the projective space P(r(P,tf5p(r))). Since we supposed the integer m ; to be non-negative, the smallest 
exponent of t appearing in the expansion of A(t) • T(£) is u^, hence we have u(A, [T(£)]) = u^. 
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Finally, since we supposed the integers m; to be non-negative, we recover (6.2.6) simply by 



k r {t x )-n-2 £ ii 

«eV r (r x ) z 



£(-l) x ' (x) m t [ k r {t x )-n -2 £ Afnii 

i = l \ f£V r (t x ) z / i = l 

6.2.6. Instability coefficient of [K r (0, to)]. — Let y be a K-point of P 1 and t y be a non-negative real 
number. We consider the subschemeZ r (y, t y ) of P defined by the regular functions / such that indi/ r (/,y) 



Lemma 6.5. Suppose 6 thatO< u r [to) < n. With the notation introduced above, for any t y > u r (to) the 
intersection of the subspaces K r (8, t$) and K r (y, t y ) is zero and we have 

u(A, [K r (9, to)]) + u(A, [K r (y, t y )\) < (r • m)(dimr(P,0 P (r)) - k r (t e ) - k r {t y )). 

Proof. We begin showing that the intersection of the subspaces K r (8, %) and K r (y, t y ) is zero. By ab- 
surd suppose that there exists a non-zero global section 

feKAB,t e )nK r {y,t y ). 

Let us pass to an algebraic closure K of K. Applying the Higher Dimensional Dyson's Lemma to the 
K-points {ct(0) : a : K' — K} and y we get 

£ volA„(%)+volA„(t y )<l+e„(r), 

a:K'— K 

so that 

volA„(t y ) < l + e„(r)-dvolA„(f e ) = volA„(w r Ue))- 

Since the function vol A is strictly increasing on [0, n] this contradicts t y > u r {to). 

In order to prove the upper bound in the statement we will apply the Grassmann formula for in- 
stability coefficients (6. 1 .2) to the subspaces K r (0, %) and K r (y, t y ) . Since their intersection is zero we 
have: 

u(A, [K r (8, fe)]) + u(A, [K r (y, ty)]) < |i(A, [K r (0, t B ) + K r (y, ty)]) 

Let us remark that, going back to the notation of paragraph 6.1.3, here the smallest weight a such 
thatr(P,^ P (r)) fl ^0is 

amin = -(r-m) 

(which occurs only for the monomial T[j, T^). Hence, applying the inequality (6.1.1) to the 

inclusion K r (0, t e ) + K r (y, ty) c r(P,^ P (r)) we find 

u(A,[K r (9,r e ) + K r (y,r y )])<-(r-m)(A; r (f9) + fc r (^)-dimr(P,^p(r))) 

which achieves the proof. □ 

The upper bound (6.2.7) for the instability coefficient of the point [K ar (8, %)] is now obtained 
choosing a K-rational point y in a convenient way. Let us take u r {t§)< t y < u r ( fe) + p and consider, for 
any i-l,...,n, the K-point y; of P 1 defined by 

[{T,-o = 0} if#V ar (f y ) z -2 £ £,<0 

y ; : = <j «eVcr(ty)z 

I {T,i = 0} otherwise 

6 Let us remark that the condition (6.2.1) is never satisfied with u r (tg) = 0, n because in these cases we have 

volV„(u r (fe))-2 I (idA = 0. 

Jv„(u r (f e )) 
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Applying the computation for the rational point x to the K-rational point y = (yi , . . . , y n ) we get : 



u(A,K r (y,f y )) = £m,- 



#V« r (f y ) z -2 £ tt 



We now use the technical conditions (6.2.3) -(6.2.5). Recalling that k ar [t y ) = #V r (r y ) z we have: 



dim K r(P,^ P (r)) 



a n (n---r n ) 

fcar(fe) 



-1 



8 

< -; 
3 



a n {r\---r n ) 
k ar {u) 



8 

< -; 

3 



(l-dvolA„(fo)) 
-(rfvolA„(«e)-e„(r)) 



8 

< -. 

3 



a"(r r --r„) 

Taking the sum of these three inequalities we find 

dimr(P, & P (ocr)) - fc ar ( r e ) - k ar {t y ) < a"(r • m) (e„(r) + 8), 
so that, applying Lemma 6.5 we have: 

u(A, [Kcrffl, %)]) < (r • m)(dimr(P,<? P (r)) - fcc-Ue) - k ar {t y )) - u(A, [K ar (y, t y )\) 



;a"(r-m)(e„(r) + S)-£ 



#v ar (r y ) z -2 £ £; 



feV ar (i„) z 



This is just the upper bound (6.2.7) that we were looking for, where we wrote t y instead of u. □ 
6.3 Semi- stability in the case n = 2. 

In this section we are going to prove semi-stability in the case n = 2 in a slightly different way. By 
definition in this case we have 

e 2 (r) = (d-l)-. 

n 

6.3.1. — The semi-stability statement we will prove is the following one: 

Theorem 6.6. Let r - [r\, r 2 ) be un couple of positive integers. Let t x , fe - be non-negative real num- 
bers. If the inequality 

2 1 d dX-volV 2 {t x ) < (l-dvolA 2 (f8))(l-2(l-dvolA 2 (te) + E2(r))) (6.3.1) 

is satisfied then there exists a positive integer a = ao W, r, t$, t x ) such that, for any integer a > ao, the 
K-point of 'the product X ar = Grass fcar(tB) (r(P,0p(ar))) x Grass fcar ( tx) (r(P,<9 P (ar))), 

Par = ([K ar (e,r e )],[K ar (x,^)]) 

is semi-stable under the action of SL^ and with respect to the polarization given by the Plucker embed- 
dings. 



In particular, given < 8 < 1 we can apply it with 
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. fo = f(2,8) = y|(l-6); 

• t x = 2-y/2&, 

and this is enough to derive the Main Effective Lower Bound in the case n = 2. 
The rest of this section is devoted to the proof of Theorem 6.6. 

6.3.2. — To begin let us remark that the condition (6.3.1) implies that there exists positive real num- 
bers 8 = 8(d, r, Te, t x ) < 1 and a positive integer ao = ao(d, r, tQ, t x ) such that, for any integer a > oto we 
have: 

2 £ «j-#Var(f*)z <a 3 rir 2 (l-dvolA2(r 9 )-o)(l-2(l-dvolA 2 (re) + e 2 (r))) (6.3.2) 

Up to increase ao we will suppose that the following condition is also satisfied. We recall that the 
dimension fc r Ue) of K r (8, %) is asymptotically given by (see (3.1.2)): 

liminf — karUe) — > 1 - dvolA n (re). 
a-oo a n [r\---r n ) 

Hence, we will suppose that for any integer a > cto and any u such that | u - u r ( fe) | < p we have: 

fcarUe) >(1 _ dvolA (<a)) _5, (6 .3. 3) 
a n {n---r n ) 

In the remainder of the proof we fix a > a and we prove that P ar is semi-stable. 

6.3.3. — As for Theorem 6.3 we will prove Theorem 6.6 thanks to the Hilbert-Mumford criterion in its 
K-rational version proved by Kempf and Rousseau (Theorem 6.1). 

Let A : G m — ► SL^ be a K-rational one-parameter subgroup. For any i = 1,2 let A.,- : G m — ► SL 2 be the 
one-parameter subgroup induced by the projection onto the i-th factor. There exists a basis Tjo,T/i 
of K 2v and a non-negative integer m,- > such that 

Ai(T)-T i -o = T m 'T i - 
AjW-Tji =T _mi T;i. 

6.3.4. — In general the instability coefficient is additive on a product. Hence, in this situation, we 
have: 

p(A,P ar ) = |i(A, [K ar (x, t x )\) + |i(A, [Kar(6, %)]). 

We will treat separately the instability coefficient at the rational point and at the algebraic one. Let us 
postpone the proof of the results that we state here in order to show how they permit to conclude the 
proof. 

• rational point: we already proved in paragraph 6.2.5 that: 



2 

|i(A, [Kar(X,t x )])<Y,m 



k ar {t x )-n-2 £ ii 

«ev ar (fjc)z 



• algebraic point: in what follows we are going to prove the following upper bound: 

p(A, [K ar (9, f 6 )]) < a 3 nr 2 (r • m)(l - dvol A(f e ) - 6)(2(l - dvolA(f e ) + e 2 (r)) - l) (6.3.4) 
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According to the additivity of the instability coefficient, summing up the previous facts, we con- 
clude that the instability coefficient n(A,P ar ) is non-positive if the following condition is satisfied: 



n 

E m ' 

(=1 



k ar {t x )-n-2 E 



< a 3 nr 2 {r • m)(l - dvol AU e ) - 8)(l - 2(l - <ivol A 2 (r 9 ) + e 2 (r))j. 



Since we supposed the integers m ; - to be non-negative, this is assured by (6.3.2) . 

6.3.5. — The remainder of this section is devoted to the proof of the upper bound (6.3.4). To simplify 
notation we will drop the subscript i from T ; o,T ; i and we will denote by oo the point of P 1 where To 
vanishes. Moreover we will identify A 2 with the open set 

{T * 0} x {To * 0} = (P 1 - {cx>}) x (P 1 - (ex)}) c P. 

What takes the place of the Higher Dimensional's Dyson Lemma here is the following fact (that actually 
follows the classical proof of Dyson [Dys47, Bom82]): 

Lemma 6.7. Let f be a non-zero element o/K ar (0, %). Then 

ind m (/, A(oo)) < amaxjmiri, m 2 r 2 } (1 - <ivol A(r 9 ) + e 2 (r)) . 

Before proving the lemma let us show how this gives the upper bound for the instability coefficient. 
On one side let us notice that going back to the formulas given in paragraph 6. 1 .3 we see easily that 

u(A, [K ar (0, %)]) < a ■ dim K K ar (0, f 9 ) 

where here a denotes the biggest integer such that K ar (0, tg)[a] is non-zero. On the other side the 
crucial remark is: 

cl + ccv ' m 

/Gr(P,<? P (ar))[a] »ind m (/,A(oo)) > . 

With this notation the previous lemma implies that 

a < 2amax{miri, m 2 r 2 } (1 - dvolA(r 9 ) + E 2 {r)) -ar-m 
< ci(r • m)(2(l - <ivolA(f e ) +e 2 (r)) - l] 

and since the right-hand side is negative we have 

|i(A, [Kar (6, fe)l) £ a- dim K K r (9, f e ) 

< a 3 ri r 2 (l - dvol A(£ e ) - 8) (r • m)(2(l - rfvol A(f e ) + e 2 (r)) - l) 

that is what we wanted to prove. 

6.3.6. — Let us pass to the proof of the Lemma 6.7. Since the result is homogeneous in r we may 
suppose a = 1. To begin with, let us identify / with a polynomial / e K[Xi,X 2 ] on A 2 of multi-degree 
< (ri, r 2 ). Then there exists a decomposition 

/(Xi,X 2 )= EAifcCXi)A 2it (X2) 

fc=0 
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with s < r 2 and such that A ! -o,...,A,- s are linearly independent for i = 1,2. By Wronsky's criterion of 
linear independence, for i = 1,2 the determinant 



W / (X I ) = det 



r\ e A- ^ 



; /«,m=0 s 



is a non-zero polynomial in K[X;]. Hence their product 



W (Xi , X 2 ) = Wi (Xi ) • W 2 (X 2 ) = det 



^ 9X l 19X 2 2 ^l,« 2 =0,..., 



is also non-zero. 



6.3.7. — We can make the following elementary observations about the Wronskian W: 

• We have deg x . W, < (s + 1) [r t - s) for i = 1, 2. 

Proof. Infact there is a basis A' iQ ,...,A' is of the vector space spanned by the polynomials A, , . . . , A,- 
such that 

< deg Xi A' ra < deg Xi A' n <■■■< degA,- s < r t . 
Since the wronskian of the polynomials A' iQ , . . -,A', is proportional to W; we may assume that 

deg Xi A « ^ r i ~ L 

Hence we can conclude 

deg x . W; < max I Y deg x ,. A ie \ < max J Y r,--£-7i(£) I < (s+l)(r,--5). □ 

• For any a : K(8) — K we have indi/ r (W,a(0)) > (s+ 1) volA(f 9 ) - — 
Proo/ In fact for any l\, £ 2 = 0, . . . , s we have 

indi/ r ( 9 ' 2 { ,ct(9)| > maxlo,indi/ r (/,a(9)) -(- + -)!> max jo, 

iax^ax* 2 j I v ri r 2 ;j I r 2 j n 

Since the index is valuation we have 

f s f QnW+tf 

indi/ r (W,a(8))> min JVindi/,- —J-,a(Q) 



|o,r 




_±1 


► = Y, maxlo, r e - 


£ 1 




r 2 ) 






r 2 J 



neSs+i [ e=0 I r 2 J ri J £ =0 ( r 2 ] ri 
> (s+l)imin{f 9 ,re}-(5+l)-i = (s+1) |volAU e ) - i-j, 

the last equality coming from fe < 1. □ 

Since deriving on A 2 does not affect the index at A(oo) of / we have 

ind m (W,A(oo)) > (5+ l)ind m (/,A(oo)). 
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6.3.8. — Let us collect the informations we proved here above. Let us identify W with a global section 
of the invertible sheaf 0?{ri -s,r 2 - s)® {s+1 \ We have 

2 (s+i)(r ; -s)-deg x W ; - 
indi/ r (W, A(oo)) = £ i 



2 



deg X; .W,- 



= (*+«! 1-7 -L 
ms.dHi-^)- e mult(W/ ' (T(9)) 

«"=1^ r ^ a:K(e)-K ^ 



= (5+l)f;(l--)- £ _ind 1/r (W,a(6)) 

' =1 * r ' ' a:K(e}-K 



/ 2 

<(5+D 



< (s+l)|2- — -dvolA(f 6 ) + (d-l)e(r) 
r 2 



Let us remark that we have 



ind m (W,A(oo)) = mi mult(Wi,oo) + m 2 mult(W 2 ,cxD) < max{r,m;}indi/ r CW, A(oo)). 

1=1,2 

Hence 

ind m (f,A(oo)) < max{r, m,} 2 dvolA(r e ) + id - l)e(r) 

1=1,2 I r 2 

Now a simple argument shows that, taking powers of /, we can take si r 2 arbitrarily close to 1 (see 
[Bom82, II.2 Lemma 2] for a proof). This terminates the proof. 
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